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Disclaimer

There is no claim to originality at all in this note. It should be considered as a
summary, detailed accounting or collage of various papers and reviews, which we
will try to refer to as much as possible.

1 Introduction

It is a firm belief of today’s physicists that quantum mechanics is the basic theory
needed to explain the physics of our universe. It has had an unprecedented success
doing so in the past century. Nonetheless, one domain of physics has stubbornly
refused unification with quantum mechanics: the most universal of all interactions,
gravity. While it is true that quantum gravity bears little relevance for everyday
physics, understanding it should still be considered as one of the main challenges
of theoretical physics for reasons ranging from incompleteness of knowledge to the
fact that it is essential for elucidating the mysteries of black holes and the Big
Bang.

Einstein’s general relativity is the theory which today provides our understand-
ing of gravity as a theory of dynamical spacetime, but it does not seem to be
possible to unify the latter with quantum field theories in the standard way that
other unifications have taken place. It is fairly widely accepted nowadays that
understanding quantum gravity will require a more radical rethinking. One of the
main organizing ideas of this approach is that gravity should be "holographic'[l, 2],
which roughly entails that rather than being proportional to the volume, the num-
ber of degrees of freedom in the latter are proportional to the area of the boundary
of that volume. One of the most active and prolific areas of research in quantum
gravity is a model which implements this notion of holography explicitly: the
AdS/CFT correspondence[3, 1]. The AdS/CFT correspondence is a conjectured
duality between certain type of non-gravitational quantum field theories on a fixed
background spacetime in d dimensions and quantum gravity theories (d + 1) di-
mensional asymptotically AdS spacetimes.

One of the most exciting developments of the past few years is the realization
that there is a deep relationship between quantum gravity and quantum informa-
tion theory. The central concept which fuelled this realization is entanglement.
Entanglement is one of these quintessentially quantum mechanical concepts. It is
essentially the notion that separating a quantum system into subsystems is not as
trivial as we think of it in the classical world, because it turns out that subsystem
can still keep information about the entire system. This apparent "non-locality"
generated a lot of discussion and confusion in the early (and not so early) days of
quantum mechanics and ultimately culminated in a subfield of quantum mechanics




where entanglement was seen as resource one could use to do things one couldn’t
do classically: quantum information.

Now interestingly enough some of the deepest questions in AdS/CFT like how
does does geometry emerge from QFT dynamics turned out to be intricately re-
lated to entanglement structure of states in the QFT. This was kicked of by Ryu-
Takayani’s (RT) proposal [, (] that entanglement entropy in a holographic QFT
should be proportional to the area of an extremal surface extending into the AdS
"bulk".

This epiphany then generated an intense and renewed interested into the study
of entanglement in QFTs, both holographically and not. This is where the content
of this note comes in. As one would expect, because of the non-local and global
nature of entanglement entropy, computing the latter analytically is impossible for
all but a few simple situations. A considerable amount of techniques and machinery
goes into those computations, some of which we will present in this note. But there
is a very natural question physicists have become accustomed to ask when they are
stuck with complicated computations: Can I perturb the things I know by a little
bit? This note is about the development of perturbation theory for entanglement
computations over the past years[7, 8, 9]. The idea is to perturb the density matrix
of which one is computing the entanglement by an infinitesimal amount and study
the consequences. It turns out that there are two distinct interpretations to this
perturbation: either one thinks of the deformation in field space, e.g. introducing
an operator which makes you flow away from a UV fixed point, or one thinks of the
deformation in spacetime, e.g. an actual geometric deformation of the region one
is considering the entanglement of. We will mention the former but mainly focus
on the latter. More precisely, the main part of the text will be a detailed account
of the geometrical perturbation theory of the modular Hamiltonian, a cousin of the
entanglement entropy and how it can be used to prove the Average Null Energy
Condition(ANEC). ANEC is an energy condition which replaced the more standard
point-wise energy conditions in general relativity, which are trivially violated in
quantum mechanics. It turns out that ANEC is sufficient to prove theorems like
the focussing theorems, topological censorship, etc. It is also a crucial assumption
in the proof of the Hofman/Maldacena bounds.

2 Quantum entanglement

This section will provide a general introduction to entanglement and some tech-
niques for computation. It very strongly based on very good book by Takayangi
and Rangamani[l0], where you can also find the references to the original sources
and proofs of the various results stated in this section. For another quick intro-
duction, one can also look at Van Raamsdonks lecture notes|11].

2.1 Generalities

Let us consider a quantum system with a subsystem A. We denote the complement
of A by A°. We can then decompose the Hilbert space into two tensor factors:

H=Ha® Ha (2.1)




2.1 Generalities

Note that we could equivalently consider a bipartite system composed of systems
A and B, where by definition we would have:

Hap = Ha© Hp (2.2)

One question one might want to ask then is given a state in the full system, what
is the state of the subsystem A. In most cases the latter turns out to be a mixed
state and we therefore need to work with the density matrix formalism.

If p is the density matrix of the full system, we define the reduced density
matrix of A as:

pa = trac(p) (2.3)

Once one considers subsystems, one of the fascinating novelties of quantum
mechanics starts playing a crucial role: quantum entanglement. We can then
introduce different measures of entanglement and related quantities. The following
is a non-exhaustive list:

1. The Von Neumann entropy of the reduced density matrix, called entangle-
ment entropy, defined as:

SA = —trpa logpA (24)

2. The Renyi entropies, which depend on a parameter «, defined as:

1
S(a) =
AT

log trp® 2.5
~—logtrp (25)

3. The modular Hamiltonian, which was defined by analogy to the thermal case,

given by:
Ka=—logpa (2.6)
Continuing the analogy with thermodynamics, we also define modular free
energy:
F(p) = tr(pk,) = S(p) (2.7)

One can also define the full modular Hamiltonian as:

4. For a bipartite system, we can define the mutual information, motivated by
subadditivity inequality:

[(A:B):SA—i-SB—SAuB (2.9)
5. Given two density matrices p and o, we define relative entropy:
S(pllo) = tr(plog p) — tr(plogo) (2.10)

These quantities satisfy some basic general properties, which we will list here
in no particular order. From here on out we use the shorthand A; A, = A; U A,.




2.1 Generalities

Subadditivity: For a bipartite system we have:

SA1+SA2 ZSA1A2 (2.11)
Notice that this immediately translates to:

Araki-Lieb inequality: For a bipartite system we have:

|SA1 - SAQ‘ < SA1A2 (213)

Immediate corollaries are that for a pure system Sy, = Sy- and that

SAlAZ Z maX{SAl, SA2} (2.14)

Strong subadditivity: For a tripartite system, we have:
Sayas + Sazay > Sayaza; + Sa, (2.15)
Saias + Sasa, > Sa, + Sa, (2.16)

Renyi entropries and entanglement entropy: The relationship between Renyi

entropies and the entanglement entropy is given by:

Sa = lim 5l (2.17)

Positivity of relative entropy: As is easily inferred from the name, this states:

S(plle) =0 & S(pllo) =0 = p=o (2.18)

Monotonicity of relative entropy: This states that relative entropy increases

under inclusion: If A C B, then

S(palloa) < S(ppllos)  where p, =trac(p), 04 =trac(o) a=AB
(2.19)

Alternative ways of writing relative entropy: One can easily show the follow-
ing:

S(plle) = F(p) — F(o) (2.20)
S(pllo) = A(Ky) = A(S) >0 (2.21)

First law of entanglement: If we perturb a reference density matrix py (i.e.

p=po+e€p1+ ), we obtain:

58 =6 (K,p) (2.22)




2.2 Entanglement entropy in QFT

2.2 Entanglement entropy in QFT

There are a lot of subtleties associated to taking the continuum limit, going from a
discrete lattice system to a continuum QFT. We only mention some general facts
here. For more details, refer to [10] and references therein. Our starting point is
going to be very general.

We have a d-dimensional relativistic QFT on some Lorentzian, globally hyper-
bolic spacetime B. We then pick a Cauchy slice ¥;_; thereby defining a moment
of simultaneity in the QFT. It is on this surface that the quantum state is defined,
generally by a density matrix py. Finally, we choose a spacetime codimension-1
region A on X;_1, which separates ¥ into two parts, i.e.

AUA =Y (2.23)

The boundary of A is denoted 0A and called the entangling surface. Notice that
it a codimension-2 hypersurface in B. This is illustrated in figure 1.

AC‘.‘

0A

Figure 1: Illustration of various elements in the definition of entanglement in a
QFT. Taken from [10].

There are now several aspects to be aware of. First of all, as it always is the
case in continuum QFTs, there are going to be divergences. In this case, it is par-
ticularly apparent why: There is going to be an infinite amount of short-distance
entanglement around the entangling surface. Often, this is dealt with by introduc-
ing an explicit UV regulator, which geometrically can be interpreted as 'cutting
out" a tubular region around the entangling surface. A second subtlety is that the
notion we presented here of entanglement entropy, which measures entanglement
between regions on a slice of spacetime, very much depends on locality in the sense
that it needs to be possible to separate the Hilbert space into H4 ® H . This
is a property which is clearly violated by gauge theories as one can easily see in
a lattice discretization of the theory. It turns out that there are choices to be
made and these do have consequences for entanglement entropy[l2, 13, 11] e.g.
boundary modes can appear[l5, 16]. This issue has not been settled conclusively
at this point. We will circumvent this subtlety by essentially ignoring it.




2.3 The replica trick

In a relativistic QFT there is one more important aspect which will play a
crucial role: causality. By definition, X is the surface from which we can recon-
struct the state in all of B. Once we are dealing with the reduced density matrix
associated to A, this is no longer the case. The relevant region is then the do-
main of dependence of A, D[A] = D*[A]U D~ [A] from which the reduced density
matrix of A can be uniquely evolved given the Hamiltonian on A. Once we are
dealing the an entangling region, it is convenient to separate spacetime into four
causally-defined regions (see figure 2):

B = D[A] U D[A°] U J*[0A] U J~[0A] (2.24)

We can unitarily evolve the reduced density matrix p4 with operators supported

J[0A]

DT [A] - D[A°] D

J[0A]
D[A] = D [A|U D™ [A]

Figure 2: An illustration of the causal development and the causal decomposition
of equation (2.24). Taken from [10].

on H 4 or H e without affection the eigenvalues of p4. This turn implies that Renyi
and von Neumann entropies are unaffected. Generally speaking the spectrum is
therefore called a "wedge observable" because it only depends on D[A] and not
on a particular choice of Cauchy slice. One can get a lot of mileage out of these
constraints on entanglement in relativistic QFTs.

2.3 The replica trick

We are now going to introduce a particular representation of states using 'cut'
path integrals. It this representation combined with the insight of Calabrese and
Cardi[!17, 18] that lead to the revival and renewed interest in entanglement. We
want to define a state p4 on the Cauchy slice ¥. We can then at least formally
represent matrix elements of the density matrix by cutting open the path integral,
which means imposing boundary conditions for the fields in A:

Pulimo- = P P alimor = P4 (2.25)
We then write:
(pa) - = [[DBe 5@t =07) = D )6(@a(E = 0F) — @y)  (226)

8



2.3 The replica trick

T

ty :
— :
A_ Replica trick : A,
3 '/A—_-—o
— ‘.-.

Figure 3: Illustration of "replicated" manifold. The black arrows represent the
"gluing" of the various copies. Taken from [10].

It is convenient to picture this as the original spacetime with a literal cut along
the region A as illustrated on the left-hand side of figure 3.

It is now straightforward to extend this representation to powers of the density
matrix p9%. This is then called the replica method. Remember that matrix multi-
plication consists in summing a "row" of the kth density matrix with a "column"
of the (k + 1)th. In mathematical terms this translates to:

()2 = [ [TdePs(@f — o) (2.27)

‘ [/ [T[Do®]e = 5l5(@ (¢ = 07) — )@ (t = 0%) - @)
- (2.28)

At his point it does not seem like we have managed to simplify the situation,
but a first indication of the power of this approach comes from looking at the cor-
responding picture. Indeed, the way to picture this construction, is by replicating
the original picture a times but then connecting the slits in a crossed way, by which
we mean, connecting A, of the kth sheet to A_ of the (k4 1)th sheet. Our choice
of vocabulary already indicates where we are going with this. Indeed, at this point
the picture should remind you of a multi-sheeted Riemann surface. The next step,
which consists in taking the trace, consolidates that picture. Indeed taking the
trace then glues the last two cuts. This construction is therefore analogous to the
canonical construction of the a-fold branched cover over B, which we will refer to
as B,. This construction is illustrated in figure 3.

We have therefore arrived at the following result: the quantity tr(p%) can be




transformed into the partition function of the theory over a complicated multi-
sheeted cover of the original space. We define

Za|A] = tr(p%) = Z[B.] (2.29)

This can then immediately be related to the Renyi entropies:

St = . i ~log (g%ﬂ) (2.30)

3 Deformation of modular Hamiltonian

In this section, we will give an in depth and detailed accounting of geometric
perturbation theory to first order of the modular Hamiltonian. This section is
nothing more than more detailed version of [7].

3.1 Quick summary

Let us give a quick run-through of the argument before we dive into the gory
details. One starts by noticing that a deformation can be seen as a modification
of the metric, so that rather than computing the entanglement entropy of the
deformed region in the old (flat) metric we compute the entanglement entropy of
the old region in a new and appropriately deformed metric. The benefit of doing
so is that it is well-known how to write perturbation of the metric. The latter then
generates a perturbation of the density matrix in which the stress tensor plays a
crucial role since the first perturbation of the action with respect to the metric is
proportional to the stress-tensor.

When writing down the modular Hamiltonian, one is now faced with the prob-
lem that it entails a logarithm of the density, which is generally a very hard object
to compute. To proceed, one uses the "resolvent' trick, which entails writing the
logarithm as an integral of a much more tractable function of the density matrix.
Through a series of clever manipulations, the resolvent parameter integral ends
up becoming the real-time integral converting the Euclidean integral defining the
state to an integral over the causal development of the half-space, the Rindler
wedge. Finally, through an integration by parts, one is left with integrals over the
boundary of the Rindler wedges, which precisely are the Rindler horizons.

The ANEC is an energy condition which takes the following form

/O:o dat (Tyy(at, 2™ = O,m)>w >0 (3.1)

for any state 1. The ANEC then essentially follows immediately from the positivity
of K4, — K4 and the established perturbation theory result.

3.2 (General setup

All of what is going to follow is about determining the modular Hamiltonian in
vacuum for a region which is a slightly deformed half-space, i.e. our goal is to find
an expression for 4.

10



3.2 General setup

Our natural ambient space is flat Minkowski space R'¥~! with global coor-
dinates a# = (2% 2!, .-+ ,2971) = (2% 2!, ). Following the recipe we laid out
earlier, we now pick a Cauchy surface ¥ specified by the equation 2° = 0 and then

consider a subspace of ¥, which is the half-space Ay defined as
Ao = {a" e R M2 = 0,2" > 0} (3.2)

It is a well-known fact[19, 20]' that in this case the modular Hamiltonian for the
vacuum is essentially the boost generator:

Ka, =27 | da'd*?za' Ty (0,2, 2) + A (3.3)
Ao

Consequently, we also have:
K, = 27r/ dx'dxx Ty (0, 2°, ) (3.4)
)

As stated previously, we are interested in perturbing the region A, geometrically.
We are going to allow time-like deformations as long as A stays space-like, since
it needs to be a subspace of a Cauchy surface >’. We parametrize that surface in
the following way:

A={y eR" My = (@), y' =2 + ()} C X (3.5)

So ( is the deformation vector field and we take it to point inwards, so that
D(A) C D(Ap) where D denotes the domain of dependence. These regions are
illustrated in figure 4.

Following our previous explanation of how to represent states using path-
integrals, the path integral representation of the state

) = e TN c,04(0,2, ) |0) (1 > 0) (3.6)

is a path integral over the half-space 2% < 0 with an operator inserted at % = —7.
The corresponding reduced density matrix associated to [¢) and the region Ay is
then

¢T=Po

(ol l60) = Nal, [

Do), > > ¢ egOl (1,21, 2)Op(—7, 2", ) e Sme@)]
L ~ 5
(3.7)
where we have collectively denoted all fields of the corresponding theory with ¢
and ¢* denotes ¢(z% — 0%, 2! > 0). The corresponding picture is shown in figure
5.

From now on, we will use the following short-hand inside of path-integrals:
X =323 chesOl(r, 2t 2)Op(~7. 2" @) (3.8)
o B

The quantity we are now interested in constructing is the reduced density
matrix over the deformed region A: quhn‘ But thought of in this way, it is not

1One can also prove this using path-integral arguments. For an accounting of that method,
see Tom Hartman’s lecture notes on AdS/CFT at http://hartmanhep.net/.

11
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3.2 General setup

Figure 4: Ilustration of the various regions. Notice that for ( only depending on
the transverse direction x, the new region will only be a translation in the 2% — !
plane. Taken from [7].

T
0 Oa
:UE =T X
L =4
¢ =g
0
T = —T X
E o .y

Figure 5: Pictoral representation of the density matrix for the state ¢ over the
half-space Ag. The transverse direction @ is implicit. Taken from [7].

clear how to devise a perturbation theory. On the other hand, what we can do is
to perform a diffeomorphism

froat —at =M (3.9)

12



3.2 General setup

which by construction transforms A to Ag. Now there are a few subtleties to
keep in mind here. Originally, ¢ is only defined on Ay. For this to be a well-
defined diffeomorphism, it needs to be defined on the entire space. But there is
also another condition, that we want ( to satisfy, which is that it is supported
in Euclidean space only on a small strip around 2% = 0, i.e. 2% < [. These
conditions though do not seem to hamper existence or generality. Of course, this
diffeomorphism now transforms us away from flat Minkowski into a space with a
non-trivial background metric

g=("n (3.10)

We now claim the following result:
Py =Uph, U (3.11)

where U is a unitary transformation. We have therefore related the object we are
interested in to an object on which we know how to do perturbation theory on
since we have taken ( to be infinitesimal.

Let us now give a quick formal proof of the previous statement. We claim that
the correct unitary is

U= [[Dal, |7 a) (el (3.12)

Notice that latter is unitary under the assumption of diffeomorphism invariance
of the path-integral measure. The proof goes as follows:

¢T=p
(alphl8) = Nay [ [Dg],xe505)

TS ) ‘ >

= Nay, /(f*(;?)— [D(f*¢)],Xe =" change of variables: ¢ = (f*¢)

$r=(f"1)8 -
D

= Ny ¢l Xe ™ [n,9] diffeomorphism invariance

O Jritded—=(f~1)*a
= ((f ™) alpl,l(F71)8)
= (alU'p%, ,U18) (3.13)

Notice that we are again assuming that the path-integral measure is diffeomor-
phism invariant. Furthermore, you see in this calculation why the assumption of
localized support in the Euclidean plane was important: It is so that the diffeo-
morphism doesn’t act on the operator insertions X.

As we mentioned earlier, the entire reason for this subterfuge is to obtain a
formula for which we know how to perform perturbation theory. Indeed, we have
taken ( to be infinitesimal so that we have:

G = O+ 203,60y + O(C?) = by + g + O(C?) (3.14)
We can now find a perturbative expression for

Uph Ut = Pl (3.15)

13



3.3 Modular Hamiltonian

Let us start by the expansion of the normalization factor:

- / D) X eS8l [ dtrbon (wp) T (wp)

U 50 gu (2 e w (g ) e Stndl )
- (/ [D(ﬁ]Xe_S[W]) (1 — f[zl{p%i;(i]—)s{[:m ) +0(¢ ))
(3.16)

We then also have:

¢+:6 ¢+:B d ny
/ [Dp| X e S99l = / (D) X e Slo:ble [ d4epdgu (@p)TH (25)
¢~ ¢ =a

+—

= /:):CXB[ID(b]XeS[Q@] — /ddeégW(xE) /¢a [’Dﬁb]XT‘uV(QJE)e*S[g"ﬁ]
(3.17)

Now using
/ (D] XeSndl = (x) (3.18)

and the fact that the path-integrals generate ordered correlators (in this case an-
gular ordering), we obtain:

UphaU" = Py [ A2500,0 (250000 (TWZ g’f)x) - <Tuyi:§f>>f 1 X ) +0(¢?)
(3.19)

If we take [i)) = |0), we obtain:

UpangU' = pagm — ;/ddeéglw(xE)pAo,n (T (zg) — (T (xp))) + O(¢?) (3.20)

1
= paun = 5 [ A0E09(@E) pagn : T ()  +O(C) (3.21)
= g — 09 (3.22)

3.3 Modular Hamiltonian

We now want to compute the modular Hamiltonian over A for the vacuum
Kay=—Inpay,=-Ul(Inpay)U=U'Ka U (3.23)

Computing the logarithm of an operator is an arduous task, but one way of
potentially simplifying it, is by using the resolvent trick, which is an identity which
says
1

DY R —
()OAo,g+ ) ]_—f—A

Inpay, = — /O d (3.24)
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3.3 Modular Hamiltonian

Now combining this and equation (3.22), we get:

S 1
ICAo,g = /0 d\ (PAmg + )‘)_1 - }
o T 1
_ -1
= [T A [(pana + 0+ N =
_ / T
0 L

1
(14 (ao + 0700 (Paon + N7 = 5
o T _ _ 1
= [T A @ = (o + N0 000+ N = 5]

1+
I
= Ky — /0 AN (pagn + N) 00 + V7]
= K= 5 [ O\ [ 250 (@)pan(pann + N7 T (w8 (pang + N
= Kagn + 0cKa, (3.25)
From now on we will simply write:

Aoy = Po (3.26)

To deal with the factors in the perturbation we now use the spectral representation,
i.e. we introduce eigenstates of modular Hamiltonian:

Kay |wa) =wa lwa) = po|wa) =€ |wa) (3.27)
We then have:

1 [e%¢]
—0cK 4y = 5/0 d)\/ddwE/dwa/dwbéguu(mE) |wa) {Wal pagn(Pa0H + )‘)71
X T (xg) « |ws) (wb| (Pag, + /\)_1

1 fe0 d e e
= - T :
5 [ dn [ dten [ dw [ dedguer) e T ) D ) Gl
1 Wy — Wy Y
= i/dde/dwa/dwﬁgw,(xE)m (: T (zp) 1), |wa) (ws
(3.28)
We now have an kernel in w;s which looks like
v
3.29
1—ev ( )

where we defined v = w, — w,. The problem with this expression is that it isn’t
particularly helpful for simplifying the expression as it would still contain inverses
of pg. Now it turns out that there exists the following identity:

=5

v o0 e ‘or
l—ev /—00 d84 sinh? (%)

(3.30)

Showing this is a straightforward contour integration. Indeed, there are residues

constantly spaced on the imaginary axis with residue:
,L'enl/
2m

14

(3.31)

15



3.3 Modular Hamiltonian

Summing these up from 1 to oo or 0 to —oo depending on the sign of v, then yields
the desired result.

Let us also mention some ways one could come up with this identity. One
could notice that the w kernel is the generating functional for the zeroth Bernouilli
number and then use the identity which relates Bernouilli numbers and sinh?.
Another way of proceeding, which generalizes easier, is to think of taking the
Fourier transform.

However one proceeds, what we have gained from that formula is that now all
the w dependence is in an exponential. We can therefore write:

1 0 1 d —i=5 (. v .
6CICA0 = 5[@ d5481n}12(8+“/d :BE/dwa/dwchgW(aBE)e 2m ( T+ ($E) ')ab |wa> <wb|

d®x
2/ 481nh2 5+“) / "
x [ dwa [ dndg () lwa) (wal €75 T (wg) s €75 ) ()
1/00 1
= [ s [
2 ) gsinn? (25) /T
x / duta [ dundgu(@p) lwa) (wal py ™+ T*(2) : 957 lun) e

2/ 4smh2 =i} /d 200G (TE)po T T () : pi” (3:32)

We have managed to show a very interesting result. Remember that pl gen-
erates evolution in Rindler time, so we see that the stress-tensor gets evolved
away from the Euclidean section into real time, but the price we have to pay is a
hyperbolic kernel.

Now we want to attack the Euclidean integral, but there is a subtlety one
should not forget. This expression we found originally came from the path-integral
construction of the density matrix, which means that the Euclidean space we are
integrating over is cut along the half-space, introducing a sort of multi-dimensional
branch cut.

Continuing our computation, we now split the Euclidean space into two parts:
a small solid cylinder R, of radius b around the entangling and its complement R.
It turns out that the contribution of the latter will vanish as we will show. Using
the explicit expression of dg in terms of (, we find:

o0 1 _ s s
5IC:/ d—,/dd 2#(—/(9@” v / :Tl,:”dZ“> = 5K
<0 —o0 S4sinh2 (%) TERo R( 2 or " ¢ po" 0K

(3.33)
where 6.K; is the contribution from inside the cylinder R;. The divergence of
stress-tensor is proportional to contact terms at the positions of the other operator
insertions, but since we have chosen ( to not have support there, that term drops
out. The boundary term has two types of contributions: one from a cylinder of
radius b coming from OR,, we call this term the imaginary cutoff surface, and a
second one from above and below Ay, which we call the branch cut surfaces OR...
This is illustrated in figure 6.

16



3.3 Modular Hamiltonian

N

Rx.x‘ N
b OR_

0
T
2l

Figure 6: Split of the integration region. Taken from [7].

Let us start with the contribution from the imaginary cutoff surface. For
simplicity, we switch to complex coordinates

z=a'—iz}, & z=-—a'—irl (3.34)
We also need the inward point unit normal to ORj, which works out to be
n=e¢%9; —e 0, (3.35)
We also have: i
¢=C(0,+C0; (3.36)

We then obtain

is

oo T (TunC)pf = py 7 (~Toe@) e 4 ToaCe = Tose G + Tox )i
_ (_eQSfiQTZZ(xS) + Tzé(-rs)eie) C*+ <_ng(l’s)e*i9 + 6*25+i9T22<x5)) CZ
(3.37)

In the last line we used the fact that p, 827 g literally the boost operator. There-

fore acting on tensor indices, it generates a factor of e® for z indices and e™* for z
indices since it is diagonal in zZz space. Acting on the coordinates, we have:

z=0be " — 2z, = be T — gt = (bsin(f + is), bcos(f + is), ) (3.38)

We now have the following integral:

0o 2w 1
5eKonslom, = /dd_zmb/ ds/ o
Kaslon, oo JO 4 sinh? (%)

X K—e%*szz(xs)jL :Ts (xs)ew) ¢+ (— Tzt (z5)e ™ + eiQSHeng(xs)) Cz}
(3.39)
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3.3 Modular Hamiltonian

We can start by switching the 6 and s integrals. We can do this by standard
analyticity and convergence arguments. Notice that the stress-tensors depend on
6 which is keeping us from doing that integral. We can solve that problem by
shifting the s integration contour s — s+ 46 (this doesn’t hit a pole from the sinh
since 6 < 2m) which yields

21 ') 1
5K :—b/dH/ de/ ds——
Kaolor, T Ny~ (#)

X Ke%Tzz(fs)— T (js)) e¢* + (: T : (%) — 6_25T55(£$)> (Ee_w]

(3.40)
where
Zs = (ibsinh(s), bcosh(s), ) (3.41)
We can now perform the 6 integral. The relevant integral is
2 1 .
/ df)—————— e = 27T O (45) — 216 (s) (3.42)
0

4 sinh? (%w)

Proving the first part of that integral amounts to a straightforward contour
integration. The second part is trickier. It clearly amounts to some sort of principal
value. So one way of proceeding is:

/0 élsinh(sgw)26 _dslo ( QSinh(#) e (3.43)

The integral inside the integral can be done by taking z = €% for s # 0 and
yields a Heaviside function because the only pole at 1 is either inside or outside
the contour depending on the sign of s. When s = 0 the pole is on the contour.
Then a principal value contour deformation computes it to be some constant value.
Taking the derivative yields the right result.

The delta function term reorganizes into

2rh / A2 T ¢ (3.44)
which does not contribute in the b — 0 limit. We have therefore now obtained

00 0 _
0K alor, = 27rb/dd_2a: (—/ ds(e’T,, —e * : T,z :)(* +/ ds(e™*Tsz —e® : T,z )Cz)
0 —o0
(3.45)
At first glance, this looks like it will vanish in the b — 0 limit, but this turns out
to not be true because of the exponential enhancement of the diagonal terms. The
off-diagonal terms indeed vanish in the class of states we are considering. Let us
now look at one of the diagonal terms:
i ib> B b

b/oo dse’T,.(ibsinh(s), bcosh(s))(* = /oo dpT..(=p + —)¢* where § = be’
0 b

2’252t 3
o i1
= /OO d5T++(é, E)CJF Wick rotation
0 22
= /0 detT o (xT,2~ =0)¢CT (3.46)
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3.3 Modular Hamiltonian

Putting everything together, we have obtained

oo 0
6K aolor, = 27rb/dd’2a: (—/ de™ T,y (2,2~ =0,2)¢C" +/ de~T__(z% = 0,x,a:)§>
0 —00

(3.47)
As we already mentioned earlier, the s integral which came from the resolvent
trick morphed into a real-time integral transforming the Euclidean integral which
was defining the state into a real-time integral. This does suggest that there should
be a way of computing this without all these bells and whistles.
We now move on to the "branch cut" term. We have:

e+—0e_—0

lim lim dd_ga:/ dxl/ ds————F—— t“(”p_w/%r T, (' sine ,xl COS€E4, T
b —c0  4sinh? (—%“) (T ’ 2 ' )

+tfcypgi8/2ﬂ : Tw/(xl Sin(—E_),[El COS(—E_), m) : pés/%r)

e+—0e_—0

& & 1 —is/2m .
= lim lim dd_Qa:/ dml/ ds Tt’{{”po /2 : T (2t sine,, 2’ cose,, x)
b —00 4 sinh (%)

1 v

x py T2l sine,, 2 coses, @) : ph
o] o] 1 .
= lim lim dd_Z:L'/ d:cl/ ds | —————# ¢ pg ™/ . T, (v' sine,, 2l cos ey, x
e+—0e_—0 b 0 4Sinh2 (i;e) TC Po 1 ( + + )
1 . .
Wy —iS/2T 1 : 1 . as/2w
4 sinh? (s+i(e§+e_))t¢C Po P T2 siney, - cos ey, ) : py )

2

— lim lim [ d" 2 / dz! / ds __ .
e+—=0e-=0 b —00 4 sinh? (—Szle) 4 sinh? (78“(676+76‘))

x t ”pais/% : TM,,(0+,x1,:B) : pés/%

—1; d— = ~ ! - !
= lim [ d Qw/b dxl/—oods <4sinh2(5+;'€) 4 sinh? (‘))

2

v —is/2mw is/2m
x 15" po / : T (07, 2, ) 3P0/

The first line is simply writing out the term which has two contributions from
above and below the cut. In the second line we used the fact that p§ is the
rotation operator in the Euclidean plane and therefore by rotating by e, +e_ — 27
we bring the stress-tensor who was previously evaluated below the cut, above the
cut. In the third line, we shift the contour to move the es into the kernel. From
the last expression it is clear that we simply pick out the double pole at s = 0.
Using the formula:

Os(e**Be™%)|s—o = [A, B] (3.48)
we finally obtain
0K aslon, =2 [a* e [ dxlt#c[’z;“:,Tw,(otxl,m)] (3.49)

i(sti(er+e_)—2mi)) /27

is/2m

is/2m
300/

)

15 /21
3/00/
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3.3 Modular Hamiltonian

Finally, we have to deal with term from inside the imaginary cutoff surface.
This term looks like follows

e} 1 s is
ds—,/ Al g0 CY pr T T () : pe” 3.50

We now go through the same process as for the imaginary cutoff term. We end
with

s

P ¥ T () : pa7 = €70 T(0)0iC7 + e Tia(x)0C7 (3.51)
where
zt = (rsin(0 + is),r cos(0 + is), x) (3.52)
If we now do the Wick rotation, we end up with

iS

po ™ Ty (zg) : péi’sf =T (o 2T ®)0¢T + e T (o 2T, ®)0,¢ (3.53)
where
= fpets (3.54)

The full expression now is

2 0 1
Ja2a [ arr [Tap [~ as— <
r<b o —o  4dsinh® (=57)

><(29+5T (T, 27, 2)0,¢T + e T, _ (2, 2™ m)@(’)
(3.55)

As before we can perform the # integral and obtain

/dd—2w/ drr [/OO dSTi_,_(x"' T~ w)@'ﬁ +/0 dSﬂ_(J}+ x~ w)aic_} (3.56)
r<b 0 ’ ’ —00 ’ ’

We dropped the delta function contribution because as before it vanishes in the
b — 0 limit. The s integrals now become literally the real-time 2° so that we can
finally write
0k =27 [ dlaT,0nC” (3.57)
0<r<b
where the integral is over the neighbourhood of the Rindler horizon depicted in
figure 7 and the vector field is defined as

(= O@")(T0; + O(~2")¢ 0 (3.58)

That integral is clearly zero, since it has no enhancements. One could also do
an integration by part and see that the boundary term on the imaginary surface
cancels the one we computed previously and one is only left with Rindler horizon
boundary terms. Putting everything together, we have shown

UKAU = K, — 21 / CHTyy + 27 / CT_ +2n / ¢ Kays T]  (3.59)
Hy H_ Ao
and in exactly the same way one obtains the formula for the complement

VK4V = Kas + 27 / Ty — 2 / T +2n / ¢ Koag, Tyl (3.60)
HE He Ag

These two expressions can be combined to obtain the expression for the full mod-
ular Hamiltonian

UR Ut = Ko, — 21 / CHTyy + 27 / CT_ +2n / ¢ K, T]  (3.61)
Ly L_ b
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3.4 Average Null Energy Condition

Figure 7: The region inside the imaginary cutoff surface after the transformations.
Taken from [7].

3.4 Average Null Energy Condition

We start by showing the "positivity" of the operator K Ay — K. The quotations
are there because the two operators act on a priori different Hilbert spaces, so one
has to be a little careful about what is meant by that statement.

Let us consider two states: the vacuum and a non-trivial pure state [¢). From
formula (2.21), we have

S(pi,llpay) = A (KCay) — A, (3.62)

where as before K4, is the vacuum modular Hamiltonian. Among the many in-
teresting properties of relative entropy, the one which we need for our purposes is
monotonicity: Take A C Ay, then we have

S(p4llpa) < S(p%,llpa0) (3.63)

If now write out this formula for both A and its complement A° using (2.21), we
obtain:

A(KA) = A(Ka,) — ASq + ASy, <0 (3.64)
A(Kag) = A{Kac) = ASas + ASse <0 (3.65)

Adding these two up yields
A(Ka) = A(Kay) — ASa+ ASu, — ASas + ASye <0 (3.66)

The vacuum contributions vanish, which follows from the fact that K4 annihilates
the vacuum for any region A since:

(Ka) o = T(PaKa) = tr(pakac) = Sae = Sa =0 (3.67)
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3.4 Average Null Energy Condition

since the vacuum is a pure state. The entanglement entropies also all cancel
because of the purity of both the vacuum and [), so that we finally have obtained:

<I€A>w - <’€A0>w <0 (3.68)

This is what we mean by "positivity" in this context.
Let us now actually compute the above quantity.

<’€A> o </€A0> » = A (04K a0) = trag (P4 KCag) — tra(piakCa) + trac(plieCac)
= tra, (P4, /Ca) = trag (P4 KCag) = tra(UTUpRUT UK AUTU) + trac(VIV pl VIV 4 VIV)
= tr0 (04K a0) = tra5 (P4 K ag) — g (UpRUTUK AUT) + trag (V plhe VIV 4 V)
= tr, (04K a0) — trag (P4 K ag) — tray (95, + 0cp'y) (KCag + 6:Cay))
+trag (Pl + 0cplae) (KCag + 6c/Cag))
= —tra (004, Kao) + trag (5cplte Kag) — trag (pls,0cK ay) + trag (e 0c/Cag)
=I5, + Isk (3.69)

As a direct consequence of (3.59) and (3.60) we obtain
_ + - v /g
Isc = 27T/L+< (Tys), —27T/L_g (), —27r/2t“( ([KanTw]), 370

Using the equation 3.22, we can for example write the first term of I, as

4 (04, 0cK ) = ; / 42 58,0 (25) <<T(Tuu(<:c§§choX ) <THV(Q:E<)))(<>>2<KAOX>>

(3.71)
An integration by parts, then leaves a divergence of the stress tensor term which
vanishes as before and a boundary term, which corresponds to the branch-cuts.
As it does in standard QFT, this constellation of an ordered correlation function
evaluated above and below a cut then simply yields

trag (P 6K ay) = 27 /Z 42 /0 dr' Gty ([Cap T (0,20, @) (372)

For the full modular Hamiltonian, we have therefore shown that it takes the fol-
lowing form:

Iy, = 27 /E ¢ ([Kaa T, (3.73)

which as promised cancels the unwanted term in I5,. We have therefore shown
that

(Ra), = (Kau), =27 /L+ CH(Tyy), — 2 /L, CH{T), >0 (3.74)

Using that by construction we have (* > 0 and (- < 0 and setting one of the two
to zero leads to the ANECs

/jo dx*t <T++(£L‘+, r~ =0, :B)> >0 (3.75)

/_Oo dz~ <T++($+ =0,27,x) . (3.76)

~—
vV
(@]
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3.5 Comments

3.5 Comments

In this section, we make a few comments which correspond to questions and con-
fusions we could not resolve or giving a satisfying answer to.

e At various places during the computation it was necessary to have { not de-
pend on @, r, z* and 2™, nonetheless ¢ had to satisfy a number of conditions
both in the real and Euclidean planes, making the existence of smooth ¢ not
entirely trivial. It is worth pointing out that it also not clear whether we
actually need ¢ to be smooth. One other potential way of solving this prob-
lem, which seems to be what [7] are implying, is that since we are working at
leading order we can take ( to be independent of r and the other variables
at leading order.

e A crucial step in translating the problem from a geometric deformation to a
metric deformation is the ability to unitarily map between the correspond-
ing Hilbert spaces. While this does not seem like a big deal in an actual
continuum theory, it is somewhat strange for the discretized theories, which
after all is what we ultimately work with in QFT. Indeed, think of deforming
a region on a lattice QFT: That process necessarily involves adding or sub-
tracting degrees of freedom, and it is impossible to map unitarily between
Hilbert spaces of different finite dimension. In essence, this goes back to the
question of how to make sense of diffeomorphism invariance in a discretized
space.

e [t is also not entirely clear how necessary the entire imaginary cut off sur-
face charade is. It seems like barring the one contact term from when the
derivatives in equation 3.57 hit the Heaviside function which certainly could
be dealt with, you could get exactly the same result in a more natural way.

4 Deformations of entanglement entropy

In this section, we will describe two other papers where perturbation theory on
entanglement entropy was explored. The section on operator deformation is a
summary of [9] and the section on shape deformation is a summary of [3].

4.1 Operator deformation

It is possible to develop a perturbation theory for entanglement entropy away from
the conformal limit. More precisely, what can be done is developing a conformal
perturbation theory in some relevant coupling about a UV CFT fixed point. Entan-
glement entropy has turned out to be a very useful tool to study renormalization
group (RG) flows, and in particular c-theorems, which have been proven using
entanglement in 2, 3 and 4 dimensions. In 3D for instance, there exists a mono-
tonically decreasing function of R defined in term of the entanglement entropy of
a ball of radius R

F(R) = RSB(R) — Sp(R) (4.1)
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4.1 Operator deformation

which can be written in the small R limit as

2m3(A — 3)

F(R) = Fyy — 2A —7)

AZR2G=A) (4.2)
where A is the dimension of the deforming operator and A is the corresponding
coupling. One surprising fact is that this entanglement entropy in deformed CF'Ts
can be calculated using a classical general relativity problem, which turns out to
be exactly the problem you’d expect from the holographic entanglement entropy
results, namely

1. Solve to first order in A and second order in the metric perturbation the
classical GR problem in one higher dimension

1 1 ;
V26 = A(A~d)p  Rop—y Rgu—5d(d—1)gay = 87CGNT & N (2)2 A
(4.3)
with regular boundary conditions in the interior of the emergent space and
with the metric being asymptotically AdS in Poincare coordinates with radial
coordinate z as z — 0.

2. The entanglement entropy is proportional to the area of a minimal surface
ending on the ball shaped region at z = 0.

This is in some sense not to surprising since at this order, the perturbation only
entails 2- and 3-point functions in the CFT, which are universal quantities and
therefore make it plausible for the holographic results to be reproduced.

Let us give a quick outline of the computation. For a a CFT on Euclidean
space R? there exists a conformal map which takes the latter to S x Hy_1[21] where
H,_1 is hyperbolic space. The entanglement entropy then simply becomes thermal
entropy for a CF'T living on spatial slices H;_;. The steps of this computation
then entail integrals of 2- and 3-point functions of primaries living on S' x Hy_1,
which are fixed by conformal symmetry up to a finite set of parameters.

One starts with the replica trick which tells us to compute the Z, partition
function in the presence of the deformation as follows

7, = /B Dele—SI9-120 _ 7.\ = ) (1 + ;AQ [ [©o@on, +- ) (4.4)

After mapping to S* x Hy_1, it becomes about computing a thermal Green’s func-
tion on hyperbolic space with inverse temperature 27n (since we are on the repli-
cated manifold). There are a lot of complications associated to the analytic contin-
uations in n. One can with quite some work show that there are two contributions
to the entanglement entropy:

5w — 27r/dutr [e*ZWHHT(Oa(iTa)Ob(in))] (4.5)
and
o) _ x 1 ~2r '
555 = J e | 4oy [T 00U — i)
(4.6)
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4.2 Shape deformation

where dp is the integration measure over the two hyperbolic spaces (including the
conformal factors). The idea here is that through some clever manipulations you
lift the computation from the Euclidean plane into real-time and end up with 2-
and 3-points functions. This is best summarized in figure 8. It turns out the first
term is divergent but is cancelled by a part of the second term. At this point, it is

Figure 8: "The calculation of EE forces us into real times, where we integrate over
the position of one of the operators after a real time modular flow transformation by
an amount s. This modular flow pushes the operator into the causal development
of A pictured here (thick lines are lines of constant s). This is contrasted with the
modular flow by an amount 7 in Euclidean time (lighter lines are lines of constant
tau)."[9]

then all about doing that integral and after a terrible ordeal one ends up showing
that at least one way of doing that integral is by essentially all the ingredients one
would expect from holography with a final formula

T (d— AT(L+ 3d— A)

5 — _)\2 2(d—A
S5 R 2T(3 +d—A)

(4.7)

4.2 Shape deformation

By changing the formalism presented in the previous section on deformations of the
modular Hamiltonian, one can also develop a perturbation theory in geometrical
deformations, i.e. study the shape dependence of entanglement entropy.

Starting from the half-space

A= {;1:“ e RM 2" = 0,2 > O} (4.8)
one deforms that region slightly to
A+0A= {:1:“ e RM 2% = 0,2 > —ex(2?, -+ ,:L‘d_l)} (4.9)

where Y is the deformation which only depends on the transverse coordinates. This
is illustrated in figure 9. One can actually be a little bit more general by taking the
deformation to be (*(z*) where ¢ = 0,1 to include time-like deformations. One can
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4.2 Shape deformation

dA,

Figure 9: Schematic illustration of the deformation. Taken from [3].

then write a perturbative series for the entanglement entropy across the deformed
surface

S[A+6A] = /dd 2 ;(1 x)+21'/dd_2xadd_2bei(xa)C (xb)S(Q)(xa,xb)+- x
' (4.10)
where the quantity SZ.%.Q) (x4, xp) is know as the entanglement density.
In CFTs, the latter will generally contain two types of terms: contact terms
in coincident x, — x, limit and a well-defined and finite term when z, and z,
are separated. Indeed, one shows that for any CFT, the non-local term in the
entanglement density for a planar surface is universal and given by

2
@) __2mCr i 411
ij,non—locad(xa’ l’b) (d + 1) ’xa — xb|2(d—1) ( ' )

where Cr is the numerical coefficient appearing the 2-point function of stress ten-
sors in CFTs i.e. the only part not fixed by conformal symmetry. This can be
transformed to a formula about a ball-shaped region by the standard mapping.
There are also a few direct consequences of that formula such as the corner con-
tributions to entanglement entropy and the Mezei formula for the universal part
of the entanglement entropy across deformed spheres.

The idea follows closely what has been done for the modular Hamiltonian but
one has to keep one higher order. Indeed, one proves that

68 = 65W 4553 (4.12)

with

550 = 3 [ d'abgu(a) (T (@)K) 5 [ daad b ()50 (n) <T”V(xa)ﬁi(:),x>b>’c>c
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and
1
55® :3—2/ddzvaddl‘bfsguu(l’a)égaﬂ(xb)

o ds s/ o

tr. THv . is/ WTQB is/2m
% /_oo sinhz(s/Q + iesgn(ea — eb)) ! (P()T{ (J} )pO (%)Po D
(4.14)

The steps are very similar to the case of the modular Hamiltonian even though
the time ordering in this case requires some more careful analytic continuations.

Notice that 65" is an integral of a 3-point function of stress tensors whereas
§5® of 2-point functions. In turns out that these integrals can again be done with
considerable effort on S' x Hy_q. It is 6S® that yields the result we mentioned
above. In a surprising turn of events the modular Hamiltonian term §S™ does
not contribute to the non-local part of the entanglement density. It’s cancellation
though is highly non-trivial: The terms surviving the regularization turn out to
be proportional to a combination of parameters which vanishes by conservation
constraints on the stress-tensor.

5 Conclusion

In this note we gave a quick accounting of the state of perturbation theory on
entanglement quantities. We went into some amount detail on the perturbation of
the vacuum modular Hamiltonian for a half-space showing how its perturbations
are related to the ANEC. We also gave a summary of the papers dealing with
both operator deformations, which once again hint at a close relationship between
gravity and entanglement even outside of the holographic regime and shape defor-
mations of entanglement entropy, which give insights into universal contributions
to entanglement entropy like corner contributions or deformations across spheres.

It should be fairly obvious from all of the above that a lot this subject is still
mysterious and left to be explored, but it also seems evident that there are a lot
of potentially interesting results which can come out of this study. In this note we
talked about a proof of the ANEC, but these results and their cousins have also
been used to prove other results like for example c-theorems|[22].
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