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1 Introduction

After decades of parallel development of quantum field theory by physicists on the one hand and
the theory of fiber bundles by mathematicians on the other hand, the eventual collaboration of
both sides yielded a plethora of deep and beautiful results in both fields. This paper is an effort
to exhibit the very basics of the mathematical theory at the very basis of quantum field theory:
Mathematical gauge theory. In this paper, we only superficially show the most basic relation
between the two: we study an object of great importance to physicists, the magnetic monopole,
and have a first glimpse at the profound relation between a crucial physical property called Dirac’s
quantization condition and the topology of the associated principal bundle.

This report is structured in maybe a bit unusual way. It has two parts: the first one is purely
theoretical, whereas the second one is a number of applications of the theory presented in the first
part. The main objects of this paper are complex and quaternionic principal bundles and their
connections and the author feels like it is easier to understand these objects if their construction
is presented in one continuous streak and not separated into little pieces as examples of theorems.
This possibly induces a dearth of examples in the theoretical part but one can always jump ahead
and see the corresponding example in the applications section.

In the first section, we set the background knowledge for things to come. We establish our
notations and give a quick reminder of the theory of flows on differentiable manifolds. Then we
quickly review Lie theory. More precisely, we state some basics about matrix Lie groups and
then transition to the theory of the associated Lie algebras, which play a crucial role later on.
In particular, we define some objects which are less common knowledge like the Cartan 1-form
and the wedge product for vector-valued forms. We conclude this section with a rather terse but
complete review of the very basics of homotopy theory. We review both the fundamental group
and the higher homotopy groups, which will eventually give us a way to classify principal bundles
over spheres.

The core of the text starts with the third section about bundles. In this section, we study
the playing ground of gauge theory. We start with the most basic object which are locally trivial
bundles, which in essence are spaces which locally are homeomorphic to a product space but not
globally. In particular, we study lifting properties, which is to say we look at how an object
in the base space determines a corresponding object in the bundle space and for example prove
that there is no uniqueness for these, a problem which will be resolved later on with connections.
We then quickly show how covering spaces fall into the category of locally trivial bundles with
discrete fibers. The next step are principal bundles, which are basically locally trivial bundles with
fibers which are diffeomorphic to a certain Lie group, which acts on the bundle in way which is
consistent with the bundle structure. From this principal bundles onwards, most of the results
are explicitly proven. We study some basic properties like bundle maps, equivalence of bundles
and the reconstruction theorem, which gives a simple way of constructing principal bundles from
simple objects called transition functions. Finally, we study an object, which plays an important
role for connections, which is the fundamental vector field. The idea is to associate a vector field
to every element of the Lie algebra of the structure group of the principal bundle.

The fourth section is concerned with the study of connections on principal bundles, which ba-
sically introduce a way of connecting fibers, playing a similar role than connections in Riemannian
geometry, and induces a separation of the tangent space. But most importantly, it introduces
the notion of gauge equivalence of bundles, culminating in the definition of moduli spaces, which
eventually play the central role in mathematics with which we are not concerned in this paper, like
Donaldson theory.

At this point, the theory part is concluded and we enter into the applications part. We start
by determining the fundamental group of circle and giving an idea how to determine the higher
homotopy groups of spheres. We then go on to proving one of the main results of this paper, which
is a complete classification of principal bundles over spheres with pathwise connected structure
groups by the higher homotopy groups of the corresponding spheres. We then proceed to construct
which are of great interest to both physicists and mathematicians, which are the Hopf bundles,
which basically are spheres seen as principal bundles over projective spaces. The most interesting
objects are then the connections on Hopf bundles, because they are the objects which arise from the
physical equations. We then have a little section which tries to illustrate very briefly the physical



motivation behind all of this and we conclude with a section presenting the directions in which to
go next.

This report is entirely based on the book [1] by Naber. The author does not pretend to have
created any original work in this paper. Every result and nearly every proof in this report can be
found in that book.

Part 1
The Theory

2 Background

2.1 Some basics and notations
2.1.1 Standard spaces and matrix groups
Let F=R,C,H.

Definition 2.1.1. Let n € N*. Then F™ equipped with coordinatewise addition and right scalar
multiplication forms a right module over F. The standard basis {e1, ..., e,} is defined as (e;)? = 7.
We also define a bilinear, non-degenerate, definite-positive form:

n
(w,y) =) 'y’
1=1

where x =Y a'e; andy =Y 1, y'e;.
Theorem 2.1.1.

Definition 2.1.2. Let n € NT. The F-unitary group of order n is the set U(n,F) of n x n
matrices which preserve the bilinear form, which is equivalent to them being invertible and satisfying
A=Y = AT, For F = R,C,H, they are called the orthogonal group O(n), the unitary group U(n)
and the symplectic group Sp(n).

We now state some standard results:
Ul)~S" &  SU(?2)~Sp(l)~S3
Definition 2.1.3. Let S be the subspace of F" defined by S = {x € F*|{z,z) = 1}.

Lemma 2.1.1. S is homeomorphic to either S*~1,82"=1 or §4"=1 depending on whether F is
R, C, or H, respectively.

We now exhibit an alternate representation of the matrix groups over H. Let us identify
x = 20 + 24 + 2%j + 2%k € H with (21, 22) = (2° + 2,22 + 231) € C2. We can then write any
quaternionic matrix P as P = A 4+ Bj.

Definition 2.1.4. We define the map ¢ from the algebra of n X n quaternionic matrices to the
algebra of 2n x 2n complex matrices by:

LetP=A+Bj = ¢(p):<_AB g)

One can then show the following properties.

Lemma 2.1.2. ¢ is an isomorphism of algebras that preserves the conjugate transpose, i.e.
#(PT) = ng(P)T. Furthermore, a 2n x 2n complex matrix M has the form of ¢(-) if and only
if

JMJ =M where J = <Olan O>

_1n><n



Using this lemma, we can give an alternate definition of the quaternionic matrix groups.
Definition 2.1.5. We have the following quaternionic matriz groups:

1. GL(n,H) = {M € GL(2n,C)|JMJ ™ = M}

2. Sp(n) ={M € U(2n)|MTJM = J}

2.1.2 Differentiable manifolds

At this point, we recall some basis results in the theory of flows and integral curves. For the rest
of this section, X is a smooth manifold.

Definition 2.1.6. Let 'V be a smooth vector field. A smooth curve o : T — X is an integral curve
for V if its velocity vector at each point coincides with value of V at that point, i.e. if

o (t) =V(t) Vtel

Theorem 2.1.2. Let V be a smooth vector field on X. Then there exists an interval (a(p), b(p)) € R
and a smooth curve oy, : (a(p),b(p)) — X such that

1. 0 € (a(p),b(p)) and a,(0) =p
2. oy 1s an integral curve for V

3. oy, is the mazimal integral curve of V through p att =0, i.e. if (c,d) >0 and B : (¢,d) - X
is an integral curve of V with 3(0) = p, then (c,d) C (a(p),b(p)) and B = a(c.q)

Definition 2.1.7. For every t € R, we define the set

D, = {pe X|t € (alp),b(p))}

and the map Vi : Dy — X by
Vi(p) = ap(t)

Lemma 2.1.3. Let V € X(X) and let s,t € R. Then the domain of V40V, is contained in Dsyy
and equal to it if t and t have the same sign, and, on this domain, Vso Vi = V.

Theorem 2.1.3. Let V € X. Then, for each real number t, D; is an open set in X and V; is a
diffeomorphism of Dy onto D_; with inverse V _¢.

Definition 2.1.8. A wvector field V € X is complete if Dy = X for allt € R.

The following lemma is important because a great number of the standard matrix groups which
feature in your run-of-the-mill gauge theories are compact.

Lemma 2.1.4. If X is a compact, then any V € X is complete.
Finally, we state for later convenience an alternative way of calculating the Lie bracket.

Lemma 2.1.5. Let V,W € X, then:

[V W] = lim (V_t)*o‘p(t) (Wap(t)) - Wp
’ L t

2.1.3 Vector valued forms
Definition 2.1.9. Let V be a vector space.

1. A V-valued 0-form is a map ¢ from X to V. It may be written as ¢ = ¢p'e; where the {e;}
are a basis of V and the real-valued ¢' are called the components. ¢ is continuous, smooth,
etc. if the components are.



2. A V-value 1-form is a map w : TX — X ie. if p e X, then w(p) = wp : T,(X) = V. It
may be written as w = w'e;, where each w;i is an ordinary R-valued one-form. Again, w is
continuous, smooth, etc. if the components are.

3. A V-valued 2-form is a map Q which assigns to each p € X a bilinear map §, T,(X) x
T,(X) = V. It may be written as Q = Q'e;, where the Q; are ordinary 2-forms. Again, w is
continuous, smooth, etc. if the components are.

Most operations are simply defined componentwise for vector valued forms. An exception here
is the wedge product, which we now proceed to define.

Definition 2.1.10. Let U,V, W be finite-dimensional real vector spaces and that we are given a
bilinear map p : U XV — W. Let w be a U-valued form, n a V-valued form, then we define the
p-wedge product by

(W Ap Mp(v,w) = p(wp(v),1mp(w)) — p(1p(v), wp(w))
where p € X and v, w € Tp(X).

Lemma 2.1.6. If {u;} and {v;} are a basis for U and V respectively, then “basis expression” for

the p-wedge product is
a f

WA= (W AT) plui,uy)

i=1j=1
where w = w'u; and n = n'v;.

Example 2.1.1. Let U =V = W = ImH and take p(z,y) = [z,y] = 2Im(xy). The previous
lemma then gives
w/\pn:4(w2/\7731+w3/\771j+w1 /\772k)

where w = wli 4+ w'j + w3k and similarly for 7.

2.2 Some Lie theory
2.2.1 Matrix Lie groups

Definition 2.2.1. A Lie group is a differentiable manifold with a smooth group structure, i.e.
(x,y) = zy and x — =1 are smooth.

One can actually relax that definition, as the following lemma shows.

Lemma 2.2.1. Let G be a differentiable manifold that is also a group for which the group multi-
plication (z,y) — xy is a smooth map from G x G to G. Then G is Lie group.

Example 2.2.1. The real, complex and quaternionic numbers with their respective multiplications
are Lie groups.

Example 2.2.2. The real, complex and quaternionic general linear groups are all Lie groups, as
well as the classical groups O(n), SO(n),U(n),SU(n) and Sp(n).

Definition 2.2.2. Any subgroup of GL(n,C) that is also a submanifold is called a matriz Lie

group.

Example 2.2.3. Using the redefinition mentioned in 2.1.5, one can identify GL(n,H) as a sub-
group of GL(2n,C).
All the classical groups are matriz Lie groups.

Lemma 2.2.2. Left and right multiplication by g € G where G is a Lie group, i.e. Ly : G — G
defined by Ly(h) = gh and similarly for other case, are diffeomorphisms from G onto G.



2.2.2 Lie algebras

Definition 2.2.3. A Lie algebra is a real vector space L on which is defined a bilinear operator
[,]] : L X L — L that is skew-symmetric and satisfies the Jacobi identity.

Example 2.2.4. Any set of matrices which is closed under the commutator is a Lie algebra when
the bracket is identified with the commutator.

Every Lie groups has associated to it a Lie algebra, which can be described in two different but
equivalent ways, which we now briefly present. For the rest of section, let G be a Lie group.

Definition 2.2.4. Let 'V be a vector field in G (not necessarily smooth). Then V is left-invariant
if
(Lg)xoV=VoL, VYgeG & (Lg)s«h(Vh) =Vgn Vg,heG

where Ly is left translation.
Lemma 2.2.3. A vector field V is left-invariant if and only if (Lg)«e(Ve) = Vg for each g € G-
Lemma 2.2.4. A left-invariant vector field V on G is smooth.

Lemma 2.2.5. The set G of all left-invariant vector fields on G is a linear subspace of G and
the map V. — V. from G to T.(G) is an isomorphism. In particular, we have that dimG =
dim T, (G) = dim G.

Lemma 2.2.6. Let G be the vector space of left-invariant vector field of G and V, W € G. Then
[V.W]eg

So the Lie algebra G of a Lie group G can be described as:
1. The set of left-invariant vector fields with the standard Lie bracket

2. The tangent space to the identity T.(G) with a bracket defined in the following way: Let
v,w € T, (G) and V, W the unique left-invariant vector fields which satisfy V. = v and
W. = w, then [v,w] = [V, W]

The point of this is given in the following theorem.

Theorem 2.2.1. For matriz Lie groups G, T;q(G) can be identified with the set of velocity vectors
at t = 0 to smooth (matriz) curves in G computed entry-wise. Furthermore, this set is closed
under the standard matriz commutator and the Lie algebra T;q(G) with this standard commutator
s isomorphic to the abstract construction presented above.

Example 2.2.5. We give the Lie algebras of the classical matriz groups:

~

. GL(n,F) = M,(F)

e

o(n) = {M € M,(RIM” = —M}

—T

u(n) = {M € M,(C)[M' =—M}

co

4. su(n) = {M € M,(C)[M' =—M,TtM = 0}
5. sp(n) = {M € Man(C)|M' = —M, M + MTJ = 0}

Definition 2.2.5. Let G be a Lie algebra, {e;} be a basis for G and {e;} be the unique corresponding
left-invariant vector fields. Then

lei, 5] = C’fjek = lei,e;] = ijek

where the equivalence follows by left-invariance. The constants ij are called the structure constants
of the Lie algebra (relative to that basis).

We now just quickly recall some basic properties of the matrix exponential map.



Lemma 2.2.7. The series -

1
exp(A) = EA"

n=0

converges absolutely and uniformly on any bounded region of GL(n,C) and we have the following
properties:

1. edeB = eATE & [A, B] = 0 where A, B € GL(n,C)
2. det A = T4
8. The map exp : GL(n,C) — GL(n,C) defined by A — e* is smooth

4. For any A € GL(N,C), the map defined by t — et4 is a smooth homomorphism from the
additive group R to GL(n,C) whose velocity vector at t =0 is A

5. If we identify To(GL(n,C)) with GL(n,C) by the canonical isomorphism, then
exp,o : To(GL(n,C)) = GL(n,C)
is the identity map

Corollary 2.2.1. exp : GL(n,C) = GL(n,C) is a diffeomorphism of some open neighborhood V
of 0 € GL(n,C) onto an open neighborhood U of id € GL(n,C), i.e. (U, (exp|v)~!) is a chart at
id € GL(n,C).

Lemma 2.2.8. Let A be the element of G thought of as a left-invariant vector field and A the same
element thought of as a complex matriz, so that one has A(id) = A. Any A € G can be thought of
as A = a/(0) where a(t) = exp(tA). Fiz g € G and define ag : R — G by ay(t) = gexp(tA). Then
ag 15 the unique mazimal integral curve of A that starts at g, i.e. we have

ag(0)=g and  ag(t) = A(ay(t)) VteR
This implies in particular that A is complete.

Definition 2.2.6. Let © be a 1-form on a Lie group G. Then © is left-invariant if for each g € G,
we have
(Lg)*G =0

Lemma 2.2.9. © is left-invariant if and only if ©4(v) = Oq((Lg-1)+ia(v)) where v € Ty(G)
Lemma 2.2.10. If © is a left-invariant 1-form on G, then it is smooth.

Definition 2.2.7. Let G be a matrixz Lie group and G its Lie algebra. The Cartan canonical 1-form
s the G-valued 1-form © on G defined as

Oy (v) = (Lg-1)4g(v) Vg € G,Yv € Ty(G) & O,(A(g)) = A(id)
where A is a left-invariant vector field on G.

Lemma 2.2.11. Let {e;} be a basis for G and {®7} be the unique left-invariant R-valued 1-forms
on G which satisfy @(e;) = 5; Then the Cartan canonical 1-form is given by © = . O'e;.

Definition 2.2.8. A G-valued 1-form is right equivariant if
(Ry)'w=adg-1o0w VgeG
Lemma 2.2.12. The Cartan canonical 1-form is left-invariant and right equivariant.

Lemma 2.2.13. Let H be a subgroup of G which is also a submanifold and i : H — G the
inclusion map, then the Cartan 1-form @y of H is the restriction to H of the Cartan 1-form Og
of G, i.e.

Oy =i"0¢g



Example 2.2.6. We give the Cartan 1-form of GL(n,R). GL(n,R) is an open submanifold of R
with standard coordinate entry functions £ where 3,5 = 1,...,n and {%}M:L.--,n} is a basis
for GL(n,R). The Cartan 1-form is then given by

) _ . o
G’)g = (l‘Zk(g 1)d$kj(g)) i |id

This can formally be identified with a matriz product
0, =g~ 'da(g)
where dz(g)i; = dz¥(g).
Lemma 2.2.14. The Cartan canonical 1-form satisfies the following equations for k =1,....n
1 . . . .
k _ k @t _ k @
dO" = —-CO' N0 = -3 (0’76’
i<j

called the Maurer-Cartan equation

Proof. Since ®° A @7 evaluated at id is the standard basis for 2-forms (wedge product of the dual
basis and by left-invariance of the Cartan 1-form, it is sufficient to proves

A0 (e;,e;) = —C};
Let V, W be left-invariant vector field, then ®V and ®W are constant. So that
d®(V,W) = V(OW) - W(OV) - O([V,W]) = -6([V,W])

= dO"(e;,e;) = —O"(Clie;) = —C};

OJ

Lemma 2.2.15. If we define the wedge product of G-valued forms via the natural bracket p(z,y) =
[,y] where x,y € G. Then the Cartan 1-form also satisfies the following equation

10 + 1[©,0] =0
which is called the equation of structure of G.
Definition 2.2.9. Let G be a matriz group and g € G fized. The map Ady : G — G defined by
Adg(h) =ghg™"  Vheh
The adjoint representation is the derivative is the derivative of Ad, at the identity, i.e.
ady = (Adg)sia = (Lg)wg—1 © (Rg—1)xia = (Rg-1)xg © (Lg)xia

Lemma 2.2.16. The map g — ady is a representation, i.e. it is a homomorphism of G into the
group of nonsingular linear transformation on the Lie algebra G.

Proof. By composition of diffeomorphisms, Ad, is a diffeomorphism. Furthermore, since Ad,(id) =
id, adg, ady carries G isomorphically onto G. Linearity comes from the Linearity of the derivative.
Finally, a trivial calculation shows that

adgp, = adg o ady,
which proves the homomorphism property. O

Lemma 2.2.17. Let G be a matrix Lie group, G its Lie algebra and g € G. Then for each A € G,
gAg~' € G and the isomorphism ad, : G — G is given by ady(A) = gAg™1.



2.3 Homotopy
2.3.1 The fundamental group

Definition 2.3.1. Let X be a topological space. A path in X (from xzq to x1) is a continuous map
a:[0,1] = X such that «(0) = xg and (1) = z1. If g = 21, « is called a loop.

Definition 2.3.2. Let o, 8 be two paths such that «(0) = B(0) = 29 and a(1) = (1) = x1. a and B
are path homotopic or homotopic relative to 0,1 if there exists a continuous map F : [0,1] x[0,1] —
X, called a path homotopy from « to B in X which satisfies the following conditions:

1. F(0,t) =xo and F(1,t) =21 Vi€ |0,]1]
2. F(5,0) = a(s) and F(s,1) = B(s) Vte]0,1]

Furthermore, we define for each t € [0,1] a path from zq to x1 given by Fi(s) = F(s,t).
If a and 8 are path homotopic, we denote this by a ~ ( rel {0,1}.

Lemma 2.3.1. The notion of path homotopy defines an equivalence relation on the set of paths
in X from xg to x1. More precisely, let X be a topological space and c, B, paths in X from xg to
x1. Then, we have the following properties:

1. a~a«arel{0,1}
2. a~pfrel{0,1} = f~arel{01}
3. a~pfrel{0,1} and 8 ~~ rel {0,1} = a~~ rel {0,1}
Lemma 2.3.2. Let a, 8 be paths in X from xg to x1 and 1 to xo respectively and [a] and [3]

be their equivalence classes under the path homotopy equivalence relation, called path homotopy
classes. We can define two operations on the path homotopy classes.

1. Inversion: We define o : [0,1] — X called “a backwards” by o (s) = a(l —s). This
operation is well-defined on path homotopy classes in the sense that if o, o’ are paths in
X from xo to x1 such that o ~ o rel {0,1}, then o =~ (/)% rel {0,1}. We can then
unambiguously define [a] ™! = [a]* = [a*].

2. Product: We define a8 :[0,1] — X called “a followed by 57 by

| a(2s) if0<s< %
QB(S)_{B(Qs—l) ifl<s<1
This operation is well-defined on path homotopy classes in the sense that if «, o’ are paths

in X from xg to x1 and 38,0’ are paths in X from x1 to xo such that o ~ o rel {0,1} and
B~ rel {0,1}, then af ~ '3’ rel {0,1}. We can then unambiguously define [a][f] = [af].

3. Constant loop: We denote by xq the trivial loop at xo which is simply defined as a(s) = xg
for all s € 10,1].

Having defined these operations, we now obtain the following crucial theorem.

Theorem 2.3.1. Let X be a topological space and xo a point in X. Let w1 (X, zq) be the set of all
path homotopy classes of loops at xg in X. Then w1 (X, z¢) equipped with the operations defined in
the previous lemma forms a group, called the fundamental group, or first homotopy group, of X at
the base point xg.

We now proceed to state the theorem which specifies under which conditions the reference to
the base point can be omitted.

Theorem 2.3.2. Let xg and x1 be two points in a topological space X and o a path in X from xg
to x1. Then the map

ox :m(X,z0) = m (X, 21) defined by ox([a]) = [cac™] V]a] € m1(X, z0)

s an tsomorphism.



Corollary 2.3.1. If X is pathwise connected, then
7T1(X, xo) ~ 7T1(X,(E1) Vag,x1 € X

Definition 2.3.3. Let X be a topological space and xo a point in X. Then the pair (X, zq) is
called a pointed space with base point xo. Let (X, x0) and (Y,yo) be two pointed spaces. Then a
map of pointed spaces is a map [ : (X,z0) = (Y,y0) such that f(xo) = yo, i.e. it is a map that
preserves the base points.

Theorem 2.3.3. Let (X, xg) and (Y,yo) be pointed spaces and f a map of pointed spaces. Then
f induces a homomorphism

fe :m (X, 20) = m (X, 21) defined by fo([a]) = [foa] V][a] € m(X,xzg)
Furthermore, we have the following properties:
1 If (Y,yo) = (X, z0) and f = idx, then f. = (idx)s = idr, (X z)
2. If (Z, o) is another pointed space and g : (Y, y0) — (Z, z0) another map, then (gof). = g«o f«

Definition 2.3.4. Let XY be topological spaces and A a subset of X and f,g : X — Y two
continuous maps which coincide on A, i.e. such that f|a = gla. Then f is homotopic to g relative
to A if there exists a continuous map F : X x [0,1] — Y which satisfies the following conditions:

1. F(z,0) = f(x) and F(z,1) = g(z) forallz € X
2. F(a,t) = f(a) = g(a) for allt € 0,1] and a € A

If such a map exists, we write f ~ g rel A. If A is the empty set, we say that f and g are homotopic
and we write f ~ g.

Definition 2.3.5. A pathwise connected space X is simply connected if its fundamental group is
the trivial group, i.e. m(X) = 0.

Lemma 2.3.3. Let X andY be topological spaces, A a subset of X and f,g,h : X =Y continuous
maps such that fla = gla = h|la. Then homotopy relative to A is an equivalence relation, i.e. we
have the following properties:

1. f~freA
2. fegrel A = g~ frel A
3. f~grelAandg~hrelA = f~hrel A

Definition 2.3.6. The equivalence classes of the homotopy equivalence relation are called homo-
topy classes relative to A. If A =), then the set of all homotopy classes of maps from X to'Y is
denoted [X,Y]. In the same way, if (X, zo) and (Y,yo) are pointed spaces, then the set of homotopy
classes relative to {xo} of maps f: (X,x0) = (Y,yo) is denoted by [(X, o), (Y, v0)].

Definition 2.3.7. A continuous map f: X = Y where X,Y are topological spaces is nullhomo-
topic, if it is homotopic to some constant map of X into Y.

Definition 2.3.8. A topological space X is contractible if the identity map is nullhomotopic.

Lemma 2.3.4. A topological space Y is contractible if and only if any maps into it are homotopic,
i.e. if for any topological space X, any two maps f,g: X — Y are homotopic.

Lemma 2.3.5. LetY be a contractible topological space. Then any continuous map f:Y — X is
nullhomotopic.

Theorem 2.3.4. A contractible space is simply connected.

Lemma 2.3.6. Let X be a topological space and o € X and let pg € S'. Then there is a
one-to-one correspondence between 71 (X, o) and [(X, o), (ST, po)].



We define a new equivalence relation.

Definition 2.3.9. Let X andY be topological spaces. X andY are homotopically equivalent (or of
the same homotopy type) if there exists a continuous map h : X =Y called a homotopy equivalence,
which means that there exists another continuous map h' :' Y — X such that ' o h ~ idx and
h oh ~ idy.

We then obtain the following theorem.

Theorem 2.3.5. Let f : (X,x0) = (Y,y0) and g : (X,20) — (Y,y1) be homotopic maps. Let
o :[0,1] = Y be the path from yo to y1 given by o(t) = F(xo,t). We then have f, = o4 o g..
Moreover, f, is an isomorphism if and only if g. is an isomorphism.

An important corollary is that the fundamental is actually a homotopy invariant.

Corollary 2.3.2. Let h : X — Y be a homotopy equivalence. Then, for every xo € X, h, :
m (X, zo) = m (Y, h(xo)) is an isomorphism. In particular, if X and Y are pathwise connected
spaces of the same homotopy type, then their fundamental groups are isomorphic.

Lemma 2.3.7. Let X be a topological space, n < 1 and f : S™ — X a continuous map. Then f
is nullhomotopic if and only if it has a continuous extension to the disc D" j.e. there exists a
continuous map f : D" — X such that f|opn+1 = flgn = f.

Definition 2.3.10. Let A be a subset of a topological space X. Then A is a retract of X if there
exists a continuous map r : X — A called a retraction such that r|4 = idy.

Lemma 2.3.8. If A is a retract of X, then, for any a € A, m1(A,a) is isomorphic to a subgroup
of m (X, a).

Definition 2.3.11. Let A be a subset of a topological space X. Then A is a deformation retract
of X if there exists a homotopy F : X x [0,1] — X, called a deformation retraction, such that
Fy =idx and Fy : X — X satisfies Fi(x) € A Vx € X and Fi(a) =a a € A.

Theorem 2.3.6. Let X and Y be topological spaces with xg € X and yo € Y. Then
T (X X Y, (0, Y0)) = m1 (X, z0) X T1(Y, yo)

2.3.2 Higher homotopy groups

Definition 2.3.12. Let n € N. An n-cube in R™ is the set I = [0,1]" = {(s},...,s") € R*|0 <
st <L,Vie{l,...,n}}. The boundary OI" of I"™ consists of all (st,...,8") € I™ for which s =0
or s* =1 for at least one value of 1.

Definition 2.3.13. Let X be a topological space, o € X and n € N. An n-loop at xy is a
continuous map o : I — X such that a(0I™) = {zo}.

Lemma 2.3.3 proves that this defines an equivalence relation.

Lemma 2.3.9. Let a, 8 be n-loops in X at xg and [o] and [B] be their equivalence classes under
the homotopy equivalence relation (relative to OI™), called homotopy classes. We can define two
operations on the path homotopy classes.

1. Inversion: We define o~ : I™ — X called “a backwards” by o (st,...,s") = a(l —
st s2,...,s"). This operation is well-defined on path homotopy classes in the sense that
if a,a’ are n-loops at xo such that o ~ o' rel I™, then o ~ (/) rel 0I™. We can then
unambiguously define [a] ™! = [a]* = [a*].

2. Sum: We define a+ 3 : I — X called “a followed by 87 by

1 o (28t 8%, s™) if0<s! <
(a+B)s’,.rs )_{ B(2s' —1,s%,...,s")  ifi<sl<

This operation is well-defined on path homotopy classes in the sense that if a, o/, 3,8 are
n-loops at xo such that o ~ o' rel OI™ and 3 ~ (' rel OI™, then a+ S ~ o' + ' rel OI™. We
can then unambiguously define [a] + [B] = [a + B].



3. Constant loop: We denote by xq the trivial loop at xo which is simply defined as a(s) = xg
for all s € 10,1].

Theorem 2.3.7. Let X be a topological space, xo a point in X and n > 2 € N. Let m,(X,xo) be
the set of all homotopy classes (relative to OI™) of n-loops at xg in X. Then m,(X,xzq) equipped
with the operations defined in the previous lemma forms an Abelian group, called the n'® homotopy
group of X at the base point xg.

The higher homotopy groups satisfy mostly the same properties than the fundamental group,
even if the proofs are somewhat more cumbersome.

Theorem 2.3.8. Let (X, x¢) and (Y,yo) be pointed spaces and f a map of pointed spaces. Then
for each n > 2, f induces a homomorphism

fo (X, 20) = (X, 21) defined by fu([a]) =[foa]l V][a] € m(X, o)
Furthermore, we have the following properties:
1 If (Y,yo) = (X, z0) and f = idx, then f. = (idx)« = idr, (X 20
2. If (Z, zp) is another pointed space and g : (Y,yo) — (Z, z0) another map, then (go f)« = g0 fx

We now state theorem 2.3.2 for higher homotopy groups. Notice that the result is the same,
but the actual from of the isomorphism ol is less straightforward.

Theorem 2.3.9. Let g and x1 be points in the topological space X and suppose there exists a path
0:10,1] = X in X from zo to x1. For each n > 2, one can then define a map oy : (X, z) —
(Y, y0) as follows:

Fiz o] € mp(X, z0) and select a homotopy F : I"™ x [0,1] = X with Fy(s) = a(s) for s € I™
and for s € 0I™, F(s,t) = 0% (s) for allt € [0,1]. Then set ox([a]) = [F1].

This map oy is a well-defined isomorphism that depends only on the path homotopy class [o]
of o, i.e. 0~ 0o’ rel{0,1}, then (0')y = oy.

With the o4 defined as above, the statement of theorem 2.3.5 is unchanged.

Theorem 2.3.10. Let f : (X,z0) = (Y,y0) and g : (X,2z9) — (Y,y1) be homotopic maps. Let
o :[0,1] = Y be the path from yo to y1 given by o(t) = F(xg,t). We then have for each n > 2
fv =04 0 g.. Moreover, f. is an isomorphism if and only if g. is an isomorphism.

Corollary 2.3.3. Let h: X — Y be a homotopy equivalence. Then, for every xo € X and every
n>2, hy: (X, 20) = mn (Y, h(x0)) is an isomorphism.

Corollary 2.3.4. Let X be a contractible space. Then, for anyn > 1, m,(X) = 0.

We now state lemma 2.3.6 for higher homotopy groups and a reformulation of this lemma
in terms of maps on spheres, which is crucial for understanding the higher homotopy groups of
spheres.

Lemma 2.3.10. Let X be a topological space and zy € X and let pg € S™ for n > 2. Then there
is a one-to-one correspondence between my (X, xo) and [(S™, po), (X, x0)].

Lemma 2.3.11. Let X be a topological space, xo € X and v a loop at x¢ in X such that v ~
xg rel {0,1}. Let n € N, pp € S™ and G : S™ x [0,1] = X a homotopy such that G(pg,t) = v(t)
for allt € [0,1]. Then Gy ~ Gy rel {po}.

A remarkable consequence of this lemma is that when X is simply connected, the relative
homotopies that go into the definition of [(S™,po), (X, zo)] can be replace by free homotopies.

Theorem 2.3.11. Let X be simply connected and xo € X. Let n be a positive integer, py € S™
and f.g: (S™,po) = (X,x0). Then f and g are homotopic relative to po if and only if they are
freely homotopic



3 Bundles

3.1 Locally trivial bundles
Definition 3.1.1. A locally trivial bundle (P,X,P,Y) consists of:

~

. A topological space P called the bundle space or total space
. A Hausdorff space X called the base space
. A continuous map P : P — X of P onto X called the projection

2
3
4. A Hausdorff space Y called the fiber
5

. A local trivialization: VYxg € X, there exists an open set V. C X such that xg € V and a
homeomorphism

:VxY P HV)CP suchthat Pod(z,y)==zx

The neighborhood V is called a locally trivializing neighborhood and the pair (V, ®) is the local
trivialization.

Example 3.1.1. Let X and Y be Hausdorff spaces and define P = X xY. Let P: P - X
be the projection on the first factor, i.e. P(p) = P(x,y) = x and take (X,idx) to be the local

trivialization. Then (P, X, P,Y) is a locally trivial bundle called the trivial bundle or the product
bundle.

Example 3.1.2. Let P =R, X = St and P(s) = e*™ is a locally trivial bundle with fiber Z.
Example 3.1.3. Hopf bundles (see section 7).
The following lemma state some relatively simple consequences of the definition.
Lemma 3.1.1. For all z € X, P~Y(x) is homeomorphic to Y .
Proof. Let (V.®) be a local trivialization about x. If p € P~1(x), we have that
' (p) = (x,9)
for some 3y’ € Y. Indeed, we have:
e l(p) = (dy) = p=2@y) = Php)=2 = z=4

We define the maps 5 : V XY — Y by m(z,y) =y and u, : Y — {2} XY by u,(y) = (x,y)
which are clearly continuous. Then we have:

b=mod P (a) 5 Y
This is defined on all of P~1(x). Its inverse is
ph=dou, Y =P H(x)
So % is a homeomorphism. O

Lemma 3.1.2. Let (P,X,P,Y) be a locally trivial bundle. Then P : P — X is a continuous,
open surjection.

Lemma 3.1.3. Let (P,X,P,Y) be a locally trivial bundle. Then bundle space P is a Hausdorff
space.

Lemma 3.1.4. Let (P, X,P,Y) be a locally trivial bundle. Then X is homeomorphic to P/~
where ~ is the equivalence relation which identifies points in the same fiber of P, i.e. p1 ~ ps <

P(pl) = P(pz)-



Proof. We define G : P — P~ by G(p) = [p] and f : P/~ — X by f([p]) = P(p). This is onto

since P is onto and one-to-one since

o) = Flp2) = pr~p2 = [p1] = [p2]

and f is continuous by composition. Furthermore, we have that (f)~! defined by

(f)~Hz) =G(P~ ()
which is continuous by the definition of the quotient topology, so that f is a homeomorphism. [

Lemma 3.1.5. Let (P, X, P,Y) be a locally trivial bundle with connected base space and connected
fiber. Then the bundle space is connected.

Lemma 3.1.6. Let (P,X,P,Y) be a locally trivial bundle with compact base space and compact
fiber. Then the bundle space is compact.

Definition 3.1.2. Let (P, X,P,Y) be a locally trivial bundle and f : Z — X where Z is some
topological space. A lift of f to P is a continuous map f : Z — P such that Po f = f.

Example 3.1.4. In general, lifts do not have to exist. Take for instance the locally trivial bundle
(R, S, P,Z). There exists no continuous map f: S = R such that P o f = id. Suppose there
ezists such a map. Then the image f(Sl) is compact and connected and so it is a closed, bounded
subinterval [a,b] of R. Now, f cannot not be one-to-one since otherwise it would be a homeomor-
phism (since a continuous bijection out of a compact space is a homeomorphism) and St is not
homeomorphic to S*. Thus, there exists points xg,x1 € S* with xg # x1, but f(xo) = f(x1), which

would in turn imply that P o f(xg) = P o f(x1) so that xo = x1 which is a contradiction.

Definition 3.1.3. Let V' be an open set in the base space X of a locally trivial bundle. Then a
local (smooth) cross-section of the bundle on V' is a continuous (smooth) map s : V. — P of V into
the bundle space P such that P os = idy, i.e. it is a continuous selection of an element in each
fiber above V.

Theorem 3.1.1 (The Path Lifting Theorem). Let (P, X,P,Y) be a locally trivial bundle and o a
path in the base space X. Then, for any point p in the fiber P~ (a(0)) above «(0), there exists a
lift & :[0,1] = P of o to P with &(0) = p.

Corollary 3.1.1. Let (P, X,P,Y) be a locally trivial bundle with pathwise connected base space
and pathwise connected fiber. Then the bundle space is pathwise connected.

Theorem 3.1.2 (Homotopy Lifting Theorem). Let (P, X,P,Y) be a locally trivial bundle and
n € Nt. Suppose f : I — X is a continuous map that lifts to f: I" 5 Pand F : I"x[0,1] — X is
a Homotopy with F(x,0) = f(z) for each x € X. Then there exists a Homotopy F : 1" x [0,1] — P
such that P o F = F and F(x,0) = f(x) for every z € X.

It turns out that one of the hypothesis of the theorem is superfluous, as the following corollary
states.

Corollary 3.1.2. Let (P, X,P,Y) be a locally trivial bundle and n € NT. Then any continuous
map f: I" — X lifts to a continuous map f:I™ — P with Po f = f.

Proof. I™ is convex and therefore contractible. By Lemma 2.3.5, f is nullhomotopic. Let F :
I x [0,1] — X be a homotopy such that

F(x,0) =z and F(z,1) = f(x) Ve eI"

Since the constant map lifts trivially, using the homotopy Lifting theorem, we conclude that F
lifts to an F'. The map f : I™ — P defined by

f(@) = F(z,1)

is the required lift. O



3.2 Covering spaces

Definition 3.2.1. Let X be a Hausdorff space. A covering space for X consists of
1. a connected, Hausdorff space X
2. a continuous map P : X — X of X onto X

3. Yz € X, there exists a neighborhood V in X for which P~Y(V) is the disjoint union of a
family of open sets S, in X, each of which is mapped homeomorphically onto V' by P, i.e.

V= HSO‘ and Pls, : Sa =V is a homeomorphism

Any such V is said to be evenly covered by P and the open sets S, in X are called sheet over V.

Lemma 3.2.1. For each x € X, the fiber above x is a discrete subspace of X with a given cardi-
nality, which does not depend on x. In particular, this means that all the fibers are homeomorphic.

Proof. Let V be an evenly covered neighborhood of . We then have that each sheet S, can only
contain one point of P~1(z), since otherwise the restriction of the projection to the corresponding
sheet would not be injective, which contradicts the hypothesis that this restriction is a homeo-
morphism. Therefore, P~1(x) N S, is a single point and since the S, are open by hypothesis,
this intersection is open in the subspace topology of P~1(z). Since every point of P~!(z) is open,
P~1(x) is discrete.

Since X is connected, so is X. For every € N less or equal that the cardinality of P, let Hq
be the set of all z € X such that P~!(z) has cardinality Q. Let g € Hg and let V be an evenly
covered neighborhood of xy in X. Every sheet over V contains precisely one element of the fiber
over xg so the number of such sheets is also (2. Therfore, for every z € V', we have x € Hg. So
that zg € V C Hq, which implies that Hq is open. Furthermore, we have that

HG = U = H§ is open
n#w

so that Hg is both open and closed and since X is connected, one of the Hq is equal X. O

The following lemma states that covering spaces are actually locally trivial bundles with discrete
fibers.

Lemma 3.2.2. Let P : X — X be a covering space. Then (X, X, P, P~ (z)) is a locally trivial
bundle.

Theorem 3.2.1 (Unique Lifting Theorem). Let P : X 5 X bea covering space, o a point in
X and Ty a point in P~ (x¢). Suppose that Z is a connected topological space and f:Z — X a
continuous map which satisfies f(zo) = xo. If there is a lift f : Z — X of f to X which satisfies

f(z0) = o, then this lift is unique.

Corollary 3.2.1. Let P : X — X be a covering space, xo a point in X and &o a point in 7)_1(:50);
Suppose a : [0,1] — X is a path in X with a(0) = zo. Then there exists a unique lift & : [0,1] — X
of a to X that satisfies &(0) = Zy.

In the particular case of covering spaces, the homotopy lifting theorem implies a very important
result, which is stated in the following corollary.

Corollary 3.2.2. Let P : X — X be a covering space, zo a point in X and &y a point in P~ (zo)
the fiber above xo. Let «,f : [0,1] — X be paths in X with a(0) = B(0) = zo and suppose
F:[0,1] x[0,1] = X s a path homotopy from « to B, which means in particular that a(1) = B(1).
If &, B are the unique lifts to P of o and 8 with a(0) = &(0) = &g, then there exists a path homotopy
F:[0,1] x [0,1] = X from & to B with P o F = F. In particular, we have &(1) = B(1).



Proof. The homotopy lifting theorem gives us the existence of a homotopy F : [0,1] x [0,1] — X
such that P o F = F and F(s,0) = é(s). We need show that this homotopy is actually a path
homotopy which ends at B.

First, we note that

PoF(0,t) = F(0,t) =&y Vte[0,1] = ~(t)=F(0,t) € P~ (x0)

But for a covering space, the fibers are discrete and since «y is a continuous path, it has to be the
constant path, i.e. y(t) = Zo for all ¢ € [0, 1].
Furthermore, we have

PoF(s,1)=F(s,1) =8 = p(s) = F(s,1) is a path that lifts 3.

In addition, we have just shown that at least one endpoint is constant, so that p(0) = F(0,1) =
7(1) = Zo. The unique lifting theorem then implies that p = 3.

In the same way, we then have that F(1,t) is a path in P~*(yo) which is discrete so the path
is constant and F(1,t) = a(1) = F(1,1) = (1). O

Covering spaces are especially useful because they give a way to compute higher homotopy
groups.

Theorem 3.2.2. Let P: X — X bea covering space, xo a point in X and T a point in P~1(zo).

Then, for eachn > 2, Py : mp(X, o) — mn (X, z0) is an isomorphism.

3.3 Principal bundles
3.3.1 Definition and basic properties

Definition 3.3.1. Let X be a differentiable manifold and G a Lie group. A smooth principal bundle
over X with structure group G, or shorter a smooth G-bundle over X, is a triple B = (P, P,0),
where P is a differentiable manifold, P is a smooth map of P onto X and o : P x G — P, where
we write o(p,g) =p- g, is a smooth right action of G on P such that the following conditions are
satisfied:

1. o preserves the fibers of P, i.e.
Plp-g)=P(p) VpePgel (3.1)

2. For each xo € X, there exists an open neighborhood V' > xy in X and a diffeomorphism
U:P Y V)=V xG of the form

U(p) = (P(p), ¢(p)) (3.2)
where 1 : P~H(V) — G satisfies
Yp-g) =99  peP H(V),geq
Example 3.3.1. See section 7.3.
Lemma 3.3.1. Let p € P. Then the fiber above P(p) coincides with the orbit of p under o, i.e.
P Pp)={p-g:9€Gt=p-G
In particular, this proves that all the fibers are diffeomorphic to the structure group G.

Proof. We prove the inclusion in both directions.

1. P~Y(P(p)) 2 {p-g:9 € G} = p-G: This a direct consequence of (3.1).




2. PYP(p) C{p-g:9g€Gt=p-G: Let p' € P~1(P(p')). We will show that there exists
g € G such that p' =p-g.

We first choose V and ¥ at zg = P(p) = P(p’). We then have:

where g € G by definition.

=)= -g9) = ¥(p-g)=(Plp-9),vp@-9) =P b)) =)

Since ¥ is a diffeomorphism on V', we have:
/
p=p-g
O

Lemma 3.3.2. (P, X,P,G) is a locally trivial bundle with local trivializations (V,¥~1). In par-
ticular, this implies that P is Hausdorff.

Proof. The only thing one needs to verify is that U~! has the “projection property”. On V, U1
is a diffeomorphism so:

So that
P oW~ (P(p),v(p)) = P(p)

The previous lemma tells us that 1) restricted to a fiber is onto, i.e. Vg € G, there exists p’ is the
fiber such that ¥(p’) = g. Furthermore, we also that there exists ¢’ € G such that ¢ (p’) = ¥(p-¢’).
We therefore finally obtain

P oUW~ (P(p),d(p) =P o ¥ (P(p),v(p)) =Po¥ ! (P(p),g) = Pp)
Since P is onto and the previous equation holds for any g, we have shown that
PoU '(z,9)=2 VzeV\Vgel
O

Example 3.3.2. The simplest example of a principal bundle is the trivial bundle (X x G, X, P, G),
where P : X x G — X is simply the projection on the first factor and the action of G on X x G
is defined by (x,h) - g = (x,hg). One can then take V = X and V¥ to be the identity on P~1(V) =
X xG.

Lemma 3.3.3. Let B = (P',P’,0’) be a principal G-bundle over X' and suppose that X is a
topological subspace of X. We define

P=(P)YX), P=Plp and o=0|pxc

Then (V,¥) where V. =V'NX, ¥ =V|p1yy and (V', V') is any trivialization of B are trivial-
izations of the principal G-bundle over X B'|x = (P, P, o) called the restriction of B’ to X.

Definition 3.3.2. Let {V,, Uy }aca a trivializing cover. Now take o, € A and Vo, NVz # 0. We
then define the map gop : Vo NV — G by

9o () = Va(p)(Wp(p)) "

where x € Vo NV and p € P~Y(x) is any element of the fiber above x. These maps are called the
transition functions of the principal bundle associated with the trivializing cover {Vy, Wotaca.-



Lemma 3.3.4. This is well-defined, i.e. o (p)(1s(p))~" is constant on fibers. Furthermore, the
Jag are smooth.

Proof. Now let p’ # p be any point in fiber. We then have by Lemma 3.3.1 that there exists g € G
such that p’ = p-g. We therefore get

Yo (P) (W) " = Ya(P)g(Ws(p)g) " = va(p)(Wa(p))

The gop are smooth because the v, are smooth and G is a Lie group. O

Lemma 3.3.5. For each x € V, N V3,

(alp-1()) © (Vslp1(2)) " (9) = gap(®)g
forall g € G.

Proof. For every xz € V, N'Vg, ¢, and ¢ are diffeomorphisms of the fiber above x onto G so that

(talp-1() © (Yslp-1()  :G =G

is also a diffeomorphism.
Let (¢ﬁ|7)—1($))71 (9) = p. We then have:

g = 1/)[3(17) and (¢o¢|7’*1(1)) © (¢B|Pflz)_l (g) = 1/@(1’)
Since p € P~1(z), we obtain
Gap (x)g = 7/104 (p)
which proves the result. O

Lemma 3.3.6. If Vo, NVgNV, # 0 and x € Vo, NV NV, then the transition functions satisfy the
following properties:

1. The cocycle condition: gos(x)gs~y(z) = gary(2)

2. gaa(z) =€

3. gpa(@) = (gap(z)) ™"

Proof. The properties are direct consequences of the definition of the transition functions. O

3.3.2 Bundle maps and equivalence

Definition 3.3.3. Let B1(P1: Py — X1) and B1(Ps : P, — X5) be two G-bundles. Since there is
no risk for confusion, we write the two actions with the same dot -. A principal bundle map from
By to By is a smooth map f : Pi — P such that

flp-9)=fp)-9g VYgeGVVpeh

Lemma 3.3.7. A principal bundle map f carries each fiber Py diffeomorphically onto a fiber of
P

Definition 3.3.4. Let B1(P1 : Pr — X1), B1(P2 : Py, — X3) be two G-bundles and f:P > P
a principal bundle map. Then f induces or covers a map f : X1 — Xo, called the induced map
defined by }

Paof=foPr

Lemma 3.3.8. The induced map f is necessarily smooth. Furthermore, if f induces a diffeomor-
phism f : X1 — Xo, then f : P, — Py is also a diffeomorphism and f~! : P, — Py is a bundle
map of By onto B .

Definition 3.3.5. We now define equivalence of bundles.



1. Let By(Py: Py — X), Bi(P2 : P, = X) be two G-bundles over the same base space X. Then
a bundle map f : P1 — P» is called an equivalence, in which case By and By are said to be
equivalent, if the induced map f : X — X is the identity idx .

2. If B(P : P — X) is a fired G-bundle over X, then an equivalence f : P — P is called an
automorphism of the bundle.

3. A G-bundle over X is said to be trivial if it is equivalent to the trivial G-bundle P : X xG — X
over X defined previously.

Lemma 3.3.9. The equivalence defined in the previous definition defines an equivalence relation.

Proof. Reflexivity is trivial, since the identity is an equivalence. Symmetry is a consequence of
Lemma 3.3.8. We now show transitivity. Let By (Py : Py — X), B2(P2: Py — X), B3(P3 : P3 — X))
be 3 G-bundles over X and f: P; — P> and g : P, — P3 be equivalences, i.e. P20 f =P; and
P3so§="Ps. Then h = go f is clearly smooth and

h(p1-g) = h(p1) - g
so h is a principal bundle map. Furthermore,

7330}~l=7320f=731
so h is an equivalence. O

Lemma 3.3.10. A principal G-bundle B is trivial if and only if it has a global trivialization, i.e.
if and only if one can take V = X as a trivializing neighborhood.

Proof. 1. =: The bundle is trivial so there exists f: P — X x G such that Px o f = P. We
take V= X and ¢ = f, then

¥(p) = (p) = (P(p), Py o f(p))
= P(p-9)=Ff®) 9= (P(p),Pyof(p)g) = Poflp-g)=Pyof(p)g

and f is a homeomorphism since it induces the identity.

2. <: Suppose V = X and ¥ : P — X x G the trivialization, then we define f(p) = 9 (p) and
we have Px o1 = P by definition.
O

On a principal there always exists a local cross-sections on the trivializing neighborhoods.

Definition 3.3.6. Let B be a G-bundle over some space X and ¥ : P~Y(V) — VxG a trivialization
on'V of this bundle. Then the canonical cross-section sy : V — P associated with that trivialization
1s defined as

sy(z) = U (z,e) Ve eV

Example 3.3.3. See Hopf Bundle in section 7

Proposition 3.3.1. Let B be a principal G-bundle. Then there exists a one-to-one correspondence
between smooth local cross sections and local trivializations of this bundle.

Proof. We have just seen that one can associate a local cross-section with any trivialization.

We now proceed to show that one can always associate a trivialization to a smooth local cross-
section. Suppose we are given a smooth local cross-section s : V. — P~1(V) on some open set V/
of the base space. We have:

PV)=|JP@) =] s@)-G

zeV zeV



since s(x) € P~1(z). We can therefore define a map ¥ : P~1(V) — V x G by

U(s(z)-g) = (2,9)

U is trivially a bijection. Furthermore, since P(s(x) - g) = x, we can write U as

where we have defined ¢ (s(x) - g) = g. We therefore have:

V((s(x)-9)-g) =99 =v(s(x)-9)gd = ¢vp-g)=vpg VpeP (V)Vy e

We now prove the smoothness of ¥ and U~!. Since ¥ is a bijection, we have
Ul (z,9) = s(x) g

which is smooth by composition of smooth maps. We start by proving the continuity of ¥. To do
so, we fix p = s(z) - g and we choose a trivialization (V',¥’) at P(p) with ¥’ = (P,1)'). We then
have:

U'(p) =¥ (s(P(p) - 9) = W' (s(P(@))g = ¢(p) =g=1v"(0)@(s(Pp))~

The continuity of the first component of ¥ is evident. We have therefore proven that ¥ is a
diffeomorphism. O

Theorem 3.3.1. A principal G-bundle P : P — X s trivial if and only if it admits a global
cross-section s : X — P.

Proof. This is a direct consequence of Lemma 3.3.10. O

Lemma 3.3.11. Let (¥;,V;) and (¥;,V}) be trivializations and sy, = s; and sy, = s; be the
corresponding canonical cross-sections. For every x € V; N'V;, we have

si(z) = s;(x) - gji(x)
where g;; is the corresponding transition function.
Proof. Follows from a simple computation. O

Corollary 3.3.1. Let G be a topological group and n a positive integer. Then any principal G-
bundle over the n-cube I™ is trivial.

Proof. Let P : P — I™ be a principal G-bundle over I™. Since I™ is convex and therefore
contractible, the identity map on I™ is nullhomotopic. Let F' be the corresponding homotopy,
ie. F(x,0) = xo and F(z,1) =z for all x € I". Let f: I™ — I™ be the constant map f(z) = xo
and po € P~'(x0). Then the constant map f : I — P, f(z) = po lifts f. Since F(z,0) = f(x),
the Homotopy Lifting Theorem 3.1.1 implies that there exists a homotopy F such that Po F' = F,
so that in particular we have

PoF(x,1) =z =id(x)

We can therefore define a global cross-section s(x) = F'(x,1) on our principal bundle, which then
implies that the principal bundle is trivial. O

Theorem 3.3.2. Any principal G-bundle over a contractible, paracompact space is trivial.

Remark 3.3.1. [t is simple to convince that any refinement of a trivializing cover also is a
trivializing cover. Therefore, if one considers two principal G-bundles over the same base space X,
one can always assume without loss of generality (by considering the trivializing cover consisting
of the intersection of the respective trivializing covers) that the have the two principal bundles have
the same trivializing covers.

We can formulate in a new way of testing the equivalence of principal bundles.



Lemma 3.3.12. Let B1(P1 : P, — X), B1(P2 : Po — X) be two G-bundles over the same base
space X and suppose that {V;},cy is a trivializing cover for By and By. Let gilj, gfj :VinV; — G be
the corresponding transition functions for By and Ba respectively. Then By and Bs are equivalent
if and only if there exists a family of continuous map X\, : V; — G, | € J such that

g3(x) = (@) gli(@)Ni(z)
forallz e V;NV;.

Theorem 3.3.3. Let X be a smooth manifold, G a Lie group and {V;}jc; an open cover of X.
Suppose that for each i,j € J such that V; \V; # 0, we have a smooth map g;; : V;N'V; — G and
that these map have the property that if V; NV; N Vj, # 0, then

gkj(x)gji(x) = gri()

forallz € V;NV;NVy. Then there exists a principal G-bundle over X, unique up to equivalence,
which has the V; where j € J as trivializing neighborhoods and the g;; as transition functions.

Proof. Proved in Naber page 223-226. O

3.3.3 Fundamental vector field

Definition 3.3.7. Let G be a matrixz Lie group, P a manifold and o : P Xx G — P a smooth right
action of G on P. We define the map o, : G — P by

op(9) =p-9g
for every p € P. We furthermore define the map o : G — X(P) where G is identified with a set of

matrices by
o(A)(p) = (op)+ia(A)
where A € G.
Theorem 3.3.4. Let G be a matrix Lie group, P a manifold and o : P x G — P a smooth right

action of G on P. Then for every A € G, o(A) is indeed a smooth vector field, i.e. o(A) € X(P)
and can be rewritten as

o A)p) = & (p-exp(t4) li=g

Furthermore, o(A) is complete and its 1-parameter group of diffeomorphisms {(0(A)): }ier s given
by

(0(A))e(p) = p- exp(tA)
The map A — o(A) of G to X is linear and satisfies

[0(A),0(B)] = o([A, B])

forall A,B €g.
If the action is effective and A # 0, then o(A) # 0 on P and if the action is free and A # 0,
the a(A) is never zero.

Proof. We define a: R — G by
a(t) = exp(tA)
Then
o (0)=A = o(A)(p) = (p)sia(A4) = (0p)ia(c/(0)) = (o7 0 a)'(0)
By definition, we have
(op 0 a)(t) =p - exp(tA)

which proves the smoothness of o(A) as well as its alternative formula. We have

a(A)(ap(to)) (O (pexp(ton)) © @) (0)
(o(p, exp(A(t +10))))"(0)

L+ (o(p, ap(t)))'(to) = 0y, (to)



o(A) is linear by the properties of the pushforward.
Let A, B € G and A, B the corresponding left-invariant vector fields. We then have:

1
(4, B] = [A, Blia = lim + (0desen)(B) — B)

where we used Lemma 2.1.5 and skipped some simple calculations involving the left-invariance of
A and B.
We denote the 1-parameter group of o(A) by {& }+er where & (p) = p - exp(tA). We then have

(0(4),0(B)] = im & [(€-1 0 Opexpie) g (B) — (0)uia(B)]

where we again use Lemma 2.1.5. We furthermore have
£t O Opeexp(ta) = 0 © Adexp14)(9)
by some simple computations and using the definitions, so that
10 Opexp(ta) = Op © Adexpta) = (E-1 0 Opexp(ta)) g = (Op)wid © Alexp(ta)

So that finally, we obtain

(0(A).0(B)ly = lim & ((0)uia © adespien) (B) — (0)uia(B)) (33)
= (Up)*id <%E}%1— (adexp(tA)(B) - B)) (34)
= (0,)a(A. B)) = o((A. B))(p) (35)

Finally, let us assume that the action is effective and that A # 0. By contradiction, let us
furthermore assume that o(A4)(p) = 0 for all p € P. Then every integral curve of o(A) is constant
so that

p-exp(tA)=p VteR = exp(td)=id VieR

where the implication comes from the effectiveness of the action. But exp is local diffeomorphism
near 0 of G which contradicts the assumption that A # 0. O

Definition 3.3.8. Let B = (P, P,0) be a smooth principal G-bundle over X, where G is a matriz
Lie group. The fundamental vector field on P determined by A is the vector field o(A) € X(P)
defined above, which in this context we denote by A¥.

Definition 3.3.9. Let B = (P, P,0) be a smooth principal G-bundle over X, where G is a matriz
Lie group. For every p € P, the tangent space T,(P) contains a subspace Vert,(P) (consisting
of tangent vectors at p to smooth curves in the fiber containing p) that is isomorphic to T,(G)
and therefore to G (since the fibers are submanifolds of P which are diffeomorphic to G). We call
Vert,(P) the vertical subspace of T,(P) and refer to its elements as vertical vectors at p.

Lemma 3.3.13. Let B = (P,P,0) be a smooth principal G-bundle over X, where G is a matriz
Lie group. For each p € P the mapping A — A% (p) is an isomorphism of the Lie algebra G of G
onto the vertical subspace Vert,(P).

Proof. For every A € G, we have

A#(p) = L (- exp(t4)) o
But since P(p-exp(tA)) = P(p), we have that a(t) = p-exp(tA) is contained in the fiber containing
p, which implies that A% (p) is a vertical vector at p for every A € G.

Linearity of the map is trivial. Since the action of a principal bundle is free, we have that
A7 (p) is never zero except if A = 0, so that the kernel of the map is trivial, which in turn implies
that the map A — A% (p) is one-to-one. Finally, since dim G = dim Vert,(P), the map is in fact
an isomorphism. O



For every g € G, 0, is a diffeomorphism on P, so that for any A € G, we have that (o). (A%)
is a smooth vector field. The following lemma tells us that it is much more.

Lemma 3.3.14. Let g € G and A € G. We then have that
(09)+(AF) = (ady-1(A))*
Proof. Since o4(p-g~!') = p, we must only prove that
(0g)p-g=1 (AT (p- g71)) = (ady-1(A))* (p)

The rest follows from a simple computation. O

4 Connections and gauge equivalence

4.1 Connections on principal bundles

Definition 4.1.1. Let B = (P,P,0) be a smooth principal G-bundle, where we assume that G is a
matriz Lie group (and G its Lie algebra). A connection or gauge field on B (or on P) is a smooth
G-valued 1-form w on P which satisfies the following properties:

1. (0g)*w =adg-1ow forall g€ G, i.e. forallge G, pe P andv € T}, ,-1(P) we have

-1

wWp((Tg)ap-g=1(v)) = g~ wpg-1(v)g

2. w(A#) = A for all A€ G, i.e. forall A€ G andp € P, we have
wp(A™ (p)) = A

Example 4.1.1. See Hopf bundle at section 8.

Definition 4.1.2. 1. In the context of smooth principal bundles with connections, a local cross-
section s : V. — P~Y(V) of B is also known as local gauge (especially in the physics literature)

2. Let B= (P,P,0) be a principal G-bundle with a connection w, then the pullback A = s*w of
w toV C X is called a local gauge potential in the gauge s on X

3. Choosing a different local gauge, or equivalently (see Proposition 3.3.1) choosing a different
trivialization of the bundle, is called a local gauge transformation.

Although, as one might imagine, local gauge transformations can yield very different local gauge
potentials, the following lemma shows that local gauge transformations actually have a relatively
simple generic form.

Lemma 4.1.1. Let B = (P, P,0) be a smooth principal G-bundle with a connection w. Let (V;,U;)
and (V;, ;) be trivializations of the bundle with V; \V; # 0, gi; : V; N V; — G the corresponding
transition function, s;,s; : Vi — P the associated canonical cross-sections and © the Cartan
canonical 1-form of G. Writing A, = sjw and ©;; = g;;0, we have the following relation between
the two different local gauge potentials:

Aj = adgi—; oA; + eij
or more precisely, for every x € V; NV, and every v € T,(X), we have

Aj(@)(v) = adg,; ()~ (Ai(2) () + O3 () (v) = g5 (2) 7" (Ai(2)(v)) 955 (2) + O () (i) 52 (v))



Proof. We fix z € V;NV; and v € T,(X).
We have already shown that s;(z) = s;(x) - gi;(x). We use another standard result from
differential geometry by writing:
0*(170790)(“}) = (01)*170 (U)p) + (02)*90 (wG)
where w = (wp, wa) € T(py,40)(P x G) and 01 : P — P and 02 : G — P defined by o1(p) = p- go
and o3(g) = po - g. We therefore have
($i)sc(v) = (00(si,9ij))xa(v)
= Ox(s;(),gi5(x)) © ((88)22(v), (i) sz (v))
= (01081)2(v) + (02 © gij)wa ()
= Aj(@)(v) = ws;@)((85)(v))
= Ws,(2)((0108:)s2(V)) + g, (2)((02 0 gij) sz (V)

We now have

010 Sz(y) = 0g;;(x) © 5i(y) = (0108i)sa(v) = (quzj(x))*s,;(r)((Si)*r(v))
We therefore obtain

wsj(ﬂv)((gl ° SZ)*E(’U)) = Ws;(z) ((Uqu(m))*s,(w)((sz)*x(v)))
= Wsi(x) ((in_f(ﬂﬁ))*sj'(w)‘ngj(x) 1((81) sz (v )))
= adg,; @)= (Ws, (@)-g,, ()~ (51) 42 (v)))
= adgij(w)—1 (.AZ(LE)(’U))

where in the third line we used the first property of a connection.
Let A € G be the unique element of the Lie algebra G whose left-invariant vector field A satisfies

A(9ij()) = (9i5)+a(v). We then get
0 (2)(v) = Oy, () (A(gij(2))) = A

By definition, we have A% (s;(z) - gij(z)) = (a(gi(m).gij(z))*e(A) and also Jsi(f).g”(r)(g) = 090
Ly, (x)(g)- This implies

7)xgi (@) (Lgy; (2)) e (4))

(0s:(2)-i; @) ) (A) ( )(

(@)gis (2) (A(9i5(2)))
(

(

2 © Gij )z (V)
= A#(Si(x) gij(r)) = (020gij)sa(v)
So that finally, we have

W (@) (020 Gij)+a(V)) = wq, (@) (AF (5i(2) - gij(x)))
W, () (A7 (55(2)))
A

Combining these results, we have obtained the formula

Aj(x)(v) = ady,; @)1 (Ai(z)(v)) + Oij(2)(v)
O

The above transformation law can be rewritten in a more suggestive way, which also generally
the way it is encountered in the physics literature.

Lemma 4.1.2. The local gauge transformation presented in the previous lemma can be rewritten
as
Aj =g, Aigis + 95, dgi;



Proof. Let a be a curve in X such that o/(0) = v. Then by unwinding the definitions, one obtains:

Oy, (2)((9i)+x(v)) = Oy, ) ((9ij)2(’(0)))
= (Lg;@) ©9i5© )’ (0)
= (9s5(2)) " (gsj © @) (0)
= (9i5(x)) " dgj(x)(v)

where in the last line we used the standard coordinates in the matrix group G. Combining this
result with Lemma 2.2.17 yields the sought formula. O

Since one often works in local coordinate patches (especially in physics), the following lemma
states the form of the local gauge transformations in local coordinates.

Lemma 4.1.3. Let (U,¢) with U C V; NV, be a chart of X. The local gauge transformation of
Lemma /.1.1 then becomes:

(Sj o (b_l)*w = adg,-joq&*l © (sz o ¢_1)*w + (gzj o (b_l)*w

The remarkable thing is one can invert the process of local gauge transformations in the sense
that a family of local gauge potentials whose domains cover X and that are consistent on the
overlaps piece together to give a connection form on the bundle.

Theorem 4.1.1. Let G be a matrixz Lie group with Lie algebra G and B = (P,P,0) a smooth
principal G-bundle over X. Let {V;,V,;};cs be a trivializing cover. Suppose that for each j € J,
Aj is a G-valued 1-form on V; and that, whenever V; N'V; # 0,

Aj:adgi—jl OAiJr@ij OﬂViﬂVj

where gi; : V; N V; — G is the transition function and ©;; = g;;© is the pullback by g;; of the
Cartan 1-form © for G. Then there exists a unique connection form w on P such that for each
j € J, A = siw where s; : V; — P~Y(V;) is the canonical cross-section associated with the
trivialization (V;, ¥;).

Proof. Let (V,¥) be any trivialization for B and s : V — P~1(V) the corresponding canonical
cross-section. Let (z0,90) € V x G and (v1,v2) € T(4,,40)(V x G). We have (0)y(gy,g)(v1,02) =
(01)x20 (V1) + (02) g, (v1) Where 01(x) = x - go and 02(g) = x¢ - g. Futhermore, we have that

U (wo.90) = s(w0) - go
Therefore, we get

(\P)*(mo,go)(vhz&) = (U(S(')7'))*(mo,go)(vh'l&)
(01)5(w0) (Sxa0 (V1)) + (0(8(20), ) xgo (v2)

Furthermore, we have
(o(5(0)s egn(2) = (7(5(20), Vg ((Li)oc(4)
= loo(s(zo), g0 exp(t))
= A% (s(z0) - go)
We have therefore proven
(W) (20.g0) (V15 V2) = (Tgo )ws(an) (8220 (V1)) + A% (s(20) - go)

where A = (Lgo_l)*g0 (v2). In particular, this means that every element of Ty, (P~ (V)) can be

written as s.u, (v) + A% (s(zg)) for some A € G. For every j € J we define w; as follows: If 29 € V},
p=5s;j(20), v € Ty, (X) and A € G, we define

Wi (P)((87) sy (v) + A% (5(0)) = A(z0)(v) + A



Now, since any point in P~*(V;) is given by p- g for some g € G, we set for any w € T,.,(P~(V;))

w(p - 9)(w) = adg—1 0 w; ((7g-1)pg(w))

A trivial computation shows that w; satisfies the first connection property, i.e. we have

WP 9)((0g)upr-g(v) = adgn-1 0wi((p-g) - (9)7)

For the second property, we use Lemma 3.3.14:

wi(p- 9) (A7) = adg-1 0w;j(p)((0g-1)spg(A™))
= ady- ow;(p)((ady(A)*(p-g))
= ad,-1 o (ady(A))

So we have proven that w; is a connection form on the bundle P : P=1(V;) — V.
Let (Vi, ¥;) and (Vj,¥;) be two trivializations with g € V; NV; and v € TMO (X). We then
have

sj(x0) = si(wo) - gij(x0) = o © (s, gij) (o)
= (Sj)*ﬂio (U) = (Ugij(mo))*si(l‘o)((Si)*l’o (U)) + (02 © gij)*wo (U)
It follows from an easy computation that

(020 gij)wao (v) = %\oa(sj (0), exp(t03;(20) (v))) = (O4;(x0) (v))¥ (s (w0))

So that we have proven that

()0 (V) = (05 (00) w5 w0) ((82) w0 () + (O (wo) (1)) (55 (0))

We now show that on P~1(V; N'V}), we have w; = w;. It is actually enough to prve that they
agree on s;(V; N'V;). The result is trivial if v = A% (p). The other case goes as follows:

wi(P)((55)s20 (0)) = wi(D) ((Og,; (o)) v (o) ((86) o (V) + (O (o) (v)) (53(390)))
= wi(D) ((0gs;w0))sp (913 (20)) 1 (81) 520 (V))) + O (2
= ad(gij(fﬂo))‘l 0 Wi ((8i)xzo () + O4j(w0)(v)
= ad(g,; ()1 © Ai(70)(v) + O3 (20) (v)
= Aj(xo)(v)
= wWi(P)(57)x20(v))

Finally, we define w on P by w|7>71(vj) = wj for every j € J. Then w is well-defined and has all of
the required properties. O

We now state a trivial corollary of this theorem, but which will have some use later on.

Corollary 4.1.1. Any G-valued 1-form on the manifold X is the pullback to X of a unique con-
nection form on the trivial G-bundle over X.

Proof. Simply choose a global trivialization {(X, ¥)} in which case the condition of the theorem
is trivially verified. 0

Definition 4.1.3. Let w be a connection form on P. For each p € P, we define the horizontal
subspace Hory(P) of T,(P) determined by w as

Horp(P) = {v € Tp(P)lwp(v) = 0}

Lemma 4.1.4. Let w be a connection form on P. The tangent space at any point p € P can then
be separated as
T,(P) = Hory(P) & Vert,(P)



Proof. We start by proving that the intersection of the horizontal and vertical subspaces is empty.
To do so, suppose v belongs to that intersection, then by Lemma 3.3.13, there exists an A € G
such that v = A#(p). Furthermore, since v is horizontal, we have

wp(v) = 0 = wy(A#(p)) = A

So that v = 0, which proves that the intersection is empty.
It is therefore sufficient to prove that dim Hor,(P) + dim Vert,(P) = dim T,(P). Since wy, is a
linear transformation of T,,(P) to G, we have that

dim 7}, (P) = dim ker w + dim Imw

But since the kernel of w is just the horizontal subspace and w, is surjective onto G since for any
A € G, we have w,(A%(p)) = A, so that the dimension of the image is dim G = dim Vert, (P), we
obtain the result. O

Remark 4.1.1. For convenience, we state the dimensions of the different spaces:

1. dimT,(P) = dim P

2. dim Vert,(P) = dimG = dim G

3. dim Hor,(P) = dim X : This follows from dim P = dim X + dim G and the decomposition of
the previous lemma.

It is also interesting to mention that this implies that the projection P is a submersion.

The following lemma gives us a deeper understanding of the horizontal subspace by relating it
to the tangent space of the base space.

Lemma 4.1.5. Let P(p) = x. Then Py, is identically zero on Vert,(P) and is an isomorphism
from Hor,(P) onto T,(X).

Lemma 4.1.6. The horizontal subspaces determined by the connection form w are invariant under
the action of G on P. More precisely, this means that

(0g)sp(Hory(P)) = Horp.q(P) Yge G,Vpe P
Proof. Let v € Hor,(P). We then have

Wp-g((0g)sp(v)) = wpg((‘fg)*(pg)-g*l(v)) = ady-1(wp(v))

So that (og)«p(Hor,(P)) C Horp.4(P).
Now suppose w € Hor,(P). Since o, is a diffeomorphism, its pushforward is an isomorphism,
so there exists a v € T,(P) such that

w = (0g)p(v)

Furthermore, we have
wp(v) = Wp((agfl)*pg(w)) = adg(wp.g(w)) =0
So that (0g).«p(Hor,(P)) 2 Horp.4(P). O
We now introduce the notion of distribution.

Definition 4.1.4. Let P be a smooth manifold of dimension n+k. An n-dimensional distribution
D on P is an assignment to each p € P of an n-dimensional subspace D(p) of T,,(P) that is smooth
in the semse that, for each q € P, there exists a neighborhood U of q and n smooth vector fields
Vi,...,V,, on U such that, for every p € U, D(p) is spanned by {V1,..., V,}.

Proposition 4.1.1. Let B = (P,P,0) be a smooth principal G-bundle over X with a connection
form w and with dimX = n aend dimG = k. Then the assignment p — Hor,(P) is an n-
dimensional distribution.



Proof. We only need to prove smoothness as defined above, since the rest has been proven in
the previous lemmas. We fix ¢ € P and choose n 4+ k smooth vector fields Wy,..., W, . on a
neighborhood U of ¢ such that, for each p € U, they span T),(P) (e.g. coordinate vector fields).
Furthermore, let Aj,..., A be a basis for G, so that we can write w = w7 A4; for some smooth
R-valued 1-forms w!. We define for alli =1,...,n

These are clear smooth. Furthermore, we have

w(Vi) = w(W;) — w! (Wi)w(AT) = w(W;) — w/ (W;)4; =0

So the V; are horizontal. It simple to show that for every p € U, {Vi(p), ..., Va(p)} spans Hor,(P).
O

Using these result, we can reverse the process that led us from the connection form to the
distribution.

Proposition 4.1.2. Let B = (P,P,0) be a smooth principal G-bundle over X with dim X = n
and dim G = k. Let D be a smooth n-dimensional distribution which satisfies

T,(P) = D(p) & Vert,(P) and (09)«p(D(p)) =D(p-g) VYpePVgeCG
If we defined a G-valued connection form for every p € P by
wp(v+ A*(p)) = A

where v € D(p), then w is a connection form on the bundle and Hor,(P) = D(p) for every p € P.

4.2 Gauge equivalence

Theorem 4.2.1. Let By = (P, P1,0') and By = (P, Pa,02) be two smooth principal G-bundles
over the same base space X, f : P — Py a smooth bundle map and w a connection form on Ps.
Then f*w is a connection form on Pj.

Proof. We will use the notation A# for the fundamental vector fields on both P; and P,. We want

to prove
(o))" (f*w) = adg-1 0 (f*w) and (f'w)(A#*)=A Vpe PVgeG

f is a bundle map so that f o O’; = Ug o f, which implies
(09)*(f*w) = (050 f)*w
Now let p € Py and v € T,,(Py),
((03 © f)*w)p (V) = wie)g ((Ug)*(f(p)y)y‘l(f*p(”)))
= (adg-10 (f*w))p (v)

which proves the first connection property. For the second, we observe by unfolding the definitions
and using the bundle map property that

fup(A% (p)) = A*(f(p))

The second property is a direct consequence of this. O

Lemma 4.2.1. There is a one-to-one correspondence between local gauge transformations on V C
X and automorphisms of the bundle P~(V).



Proof. A local gauge transformation is a change in cross-section, which arises through the group
action. More precisely, let s : V — P~1(V) be a local cross-section and g : V — G a smooth map.
We now define s9 : V — P~1(V) by

s9(x) = s(x) - g(x) Ve eV
Since P(s9(x)) = P(s(z)) = idy, s? also is a local cross-section so that
PHV) = U s (x) -G
eV

We can therefore define a map f: P~1(V) — P~1(V) by
f(s(x)-h) = s7(x) - h

We now show that f is a smooth automorphism of the G-bundle P~1(V). Smoothness comes
trivially from composition. Furthermore, we have

f((s7(x) - h) - g) = f(s7(x) - (hg)) = (s7(x) - h) - g = f(s%(x) - D) - g

We also trivially have P o f = P, which proves that the induced map is the identity.
Conversely, suppose we are given an automorphism f of P~1(V) onto itself. Let s : V —
P~1(V) be any cross-section and let us define the map s’ : V.— P~1(V) by

s'(x) = f(s(x)) VoeV
We have
P(s'(x)) = (Po f1)(s(x)) = P(s(z)) =«

so that s’ is a cross-section. Thus, there exists a unique g(z) € G such that

But g(z) is smooth since f~! os = o o (s, g) in which everything is smooth.
So have shown that s’ = s9 which concludes the proof. O

Up until now, we have only dealt with local gauge transformations. The previous shows the
way towards defining global gauge transformations.

Definition 4.2.1. Let B = (P,P,0) be a smooth principal G-bundle over X, then a global gauge
transformation is an automorphism of the bundle, i.e. a diffeomorphism f : P — P of P onto
itself that preserves the fiber of P and commutes with the action of G on P:

Pof=P and  f(p-9)=f(p)-9g

Since compositions and inverses of automorphisms are also automorphisms, the collection of all
gauge transformations of a bundle is a group under composition called the group of gauge trans-
formations of P : P — X and it is denoted by G(P).

Definition 4.2.2. We define an equivalence relation on set A(P) of all connections on P by
imposing that two connection form w and n on P are gauge equivalent if there exists an f € G(P)
such that n = f*w, i.e.

w~n << 3feG(P)st.n=fw

Lemma 4.2.2. Gauge equivalence is an equivalence relation on gA(P).

Proof. Follows trivially from the composition of pushforwards and the fact that G(p) is a group
under composition. O

Definition 4.2.3. The set A(P)/G(P) of gauge equivalence classes of connections on P is called
the moduli space of connections on the bundle.



4.3 Lifting and parallel translation on principal bundles

Theorem 4.3.1. Let B = (P, P,0) be a smooth principal G-bundle over X and w a connection
form on P. Let « be a smooth curve in X with a(0) = x¢ and let pg € P~ (o). Then there exists
a unique smooth curve & : [0,1] — P such that

1. a(0) = po
2. Poa(t)=a forallt € |0,1]
3. @'(t) € Horgy(P) for all t € [0,1]

Proof. We start by assuming that «([0,1]) € V for some trivialization (V,¥). Let s be the
associated canonical cross-section which we assume without loss of generality to satisfy s(z¢) = po.

We now define
a(t) = v a(t), g(t) = s(a(t)) - g(t)

for some smooth curve g in G. For (1) to be satisfied, we need ¢g(0) = e. We now proceed to show
that there exists such a g so that (3) is also satisfied.
We have already shown in the proof of Theorem 4.1.1 that

&/(t) = (\p_l © (oz,g))/ (t) = (Ug(t))*s(a(t)) (S*a(t) (O‘/(t))) + A#(S(Oé(t)) : g(t))

where A = (Lg(t)—l)*g(t) (¢'(t)). We therefore have

wa() (& (1) = adg@y-1 (B(t) + (Lgy=1) gy (9 (1)

where ((t) = (s*w)ar)(a/(t)) is a known, smooth curve in G. For &'(f) to be horizontal, we
therefore need

*g

ady(ey—+ (B(8) = = (Lot g0y (9'(1)

Since L)1 is a diffeomorphism, its pushforward is an isomorphism, so that we have the equivalent
equation:

gt)=- (Lg(t))*e (adg(t)*l (ﬂ(t))) == (Rg(t))*ﬁ(t)

where we used the definition of the adjoint representation.
We therefore have the conclusion of the theorem if and only if &(t) has the form a(t) =
s(a(t)) - g(t), where
9 == (Row).pey and g(0)=e

where 3(t) = (s*w)a@) (/(t)).
To prove the existence of g, we want to apply Theorem 2.1.2. Let 6 > 0.
We define a vector field V on G x (—§,1+ 0) by

d
V(g,s) = (‘ (Rg(t>>*/3(t) ’ dtls)

The maximal integral curve of V starting at (e, 0) will be of the form (g(t),t) where g satisfies the
sought properties, but this solution is defined on an interval [0, ty]. By compactness of {e} x [0, 1],
we can choose an € > 0 such that for every r € [0,1], Vi(e, r) is defined for [t| < e. Let (h(t),t+to)
be the integral curve of V starting at (e, tg). It is defined for |¢| < € for some € > 0. If we now
define g(t) = h(t —t9)g(t) for |t — to] < €, then §(to) = g(to) and

7)) = (Ryto)) ey (0= 10)) = = (Rot10)) nios0y (Brie—ta)e(B(0) = ~(Rye))we (B0)

So g can be extended to a solution on [0,ty 4 €] N [0, 1]. By iterating this procedure, the solution
can be extended to [0, 1].

Now, let us assume that «([0,1]) is not contained in a single trivializing neighborhood. We
have that ([0, 1]) is compact, so that there exists a finite subcover of trivializing neighborhoods
V;. Therefore a=1(V;) cover the interval [0,1]. Let A be the Lesbesgue number of that cover and



then apply the same procedure as above to I; = [i- 1A, (i + 1) - 2)] and af(t) = a|;, (3t +i3) for i
in the finite subcover. Then by construction «; : [0,1] - X and «} C V; for some j. This a can
then be used directly as above. Finally, we use the gluing lemma to glue all of the o together and
this glued o’ then is the sought path. O

This theorem gives us the possibility of connecting the fibers above any two points in X that
can be joined by a smooth curve.

Definition 4.3.1. Let us suppose that xg,x1 € X and let a be a smooth curve from xqy to x1. For
any po € P~ (xg) there exists a unique smooth curve &, in P that lifts o, goes through po att =0
and whose velocity vector is horizontal at each point, so that in particular éy,, (1) € P~ (z1). We
then define a map 7, : P~ (wg) — P~ (x1) called parallel translation along o (determined by the
connection w) by

Ta(Po) = dp (1)
The following proposition exhibits some of the properties of parallel translation.

Proposition 4.3.1. Parallel translation satisfies the following conditions:

1. 7, commutes with the action o of G on P, i.e.
Ta 00y =040Ty Vg € G

2. Toe = (Ta) 7!
3. Let o, B be smooth curves in X with a(1) = 3(0), then

Tap = T8 ° Ta

4.4 Curvature

Definition 4.4.1. Let B = (P,P,0) be a smooth principal G-bundle over X and w a connection
form on P. The curvature of w is the G-valued 2-form 2 on P defined by

Q(p)(v,w) = Qp(vﬁw) = (dw)p(UH7wH)

for every p € P, every v,w € T,(P) and where the superscript H denotes the horizontal part of
the corresponding vector, i.e. its projection onto the horizontal subspace of T,(P).

Lemma 4.4.1. The curvature is smooth, bilinear and skew-symmetric.

Proof. Smoothness is trivial. To prove that the kernel is linear subspace, i.e. that vf + vl €
Hor,(P). We have
V1 F+ vy = (’()1 + 'UQ)H + (’Ul + UQ)V
but since v; = ’UZH —i—sz and v; +v2 can be uniquely decomposed in terms of horizontal and vertical
vectors, we have that
(’Ul + ’UQ)H = ’U{I + ’Uf

Now choose a basis {e;} of G. Since the components of dw relative to this basis are smooth,
it will suffice to prove that for every smooth vector field V, the horizontally projected vector field
defined by V#(p) = (V(p))¥ is also smooth. We have

wV—w'(V)e¥)=0 = V —uw'(V)e? € Hor,(P)
and e? is vertical so that w"(V)ef& also is vertical, therefore since

V=V- wi(V)efE + W' (V)e

K2

By uniqueness of the decomposition, we have that

Vv —Wi(V)ef

%



Theorem 4.4.1 (Cartan structure equation). Let B = (P,P,0) be a smooth principal G-bundle
over X and w a connection form on P. Let Q) be the curvature of w. Then

1
O =dw+ §[w,w]

Proof. Fix ap € P and v,w € T,(P). Recall that the wedge product on G is determined by the
Lie bracket, i.e. we have

[w; wlp(v, w) = 2[wy (v), wp(w)]

So what we need to prove is
(dw)p(v,w) = —[wp(v),wp(w)] + 2y (v, )

Using the decomposition of the tangent into horizontal and vertical subspaces and the bilinearity
and skew-symmetry of the wedge product, the exterior derivative and the curvature, it will suffice
to verify three case:

1. v and w are both horizontal: Since the vectors are horizontal, they are in the kernel of w, so
that

[wp(v),wp(w)] =0
So that
QP(va) = (dw)p(UH’wH) = (dw)P(v7w)

2. v and w are both vertical: Since the vectors are vertical, their horizontal projection is zero
so that

Qp(v,w) =0

There exist A, B € G so that v = A#(p) and w = B#(p). Since w(A#) and w(B#) are
constant functions, we have that

(dw)p (v, w) = (dw),(A*, B¥) = —w,([(AF), B*])
By the naturality of the fundamental vector field (see Theorem 3.3.4), we have:

(dw)p (v, w) = wp([A%, B¥]) = [wp(A#), wp(B¥)] = [wp(v), wy(w)]

3. v is vertical and w is horizontal: We then have

Qp(v,w) = (dw)p(0,w) =0 and = [wp(v), wp(w)] = =[wp(v), 0] = 0

We write v = A% (p) for some A € G.
Let W € X(P) such that W(p) = w € Hor,(P). We have already proven that

WH =W — w'(W)e?

K2

Furthermore, we have that W (p) = w since efﬁ is vertical. So if we define W = W we

have a horizontal vector field with starting vector w.

Thus, we obtain
dw(A*, W) = AT (w(W)) = W(w(A™)) — w([A*, W]) = —w([A¥, W])

since w(W) is zero and w(A#) = A is constant. We can conclude the proof by proving that
[A# W] is horizontal. To do so, we use the formula

1
[A#7 W] = lim — ((A#t) (Wap(t)) - Wp)
*aup (t)

t—0 ¢



where () = p - exp(tA) and A%, = Texp(—ta) by Theorem 3.3.4. We therefore have that
# —
(A*t) wap(t) (UCXP(_tA))*p‘eXp(tA)

which by Lemma 4.1.6 carries Hor, () (P) onto Hor,(P), so that (A’ft) (Wa, 1)) is

oy (t)
horizontal and by linearity of the horizontal subspace, we have

% ((Ai)*%(t) (Way ) = Wp)

is horizontal.

To conclude, we use the formula 2.1.5. The components of w are all continuous, so that
we can take the limit outside and then w is acting on horizontal vectors, which prove that
[A# W], is in the kernel.

O

Definition 4.4.2. The pullback s*Q) of the curvature ) is called the local field strength in gauge s
and is often denoted Fs or simply F.

The following lemmasgives us a local version of the Cartan structure equation.

Lemma 4.4.2. Let w be a connection 1-form on a principal G-bundle B = (P, P,o0) over X with
curvature Q2. Then, for every g € G, we have

0,0 =adg-1 04
The equivalent of the Cartan structure equation is the given by
1
F=dA+ 3 [A, A

where F = s*Q and A = s*w.
Finally, the same formula holds in local coordinates

* * 1 * *
(sop™) Q=d ((5 op™t) w) + 5[(8 0o w, (sop") W]
where (¢, V) is a chart for X.
Proof. From the structure equation, we have:
0,Q = d(o,w) + 509([w,w]) =d(ady-—1 ow) + 509([w,w])

The rest follows from trivial computations using the fact the definition of the exterior derivative
and the naturality of the pullback with respect to the the exterior derivative as well as to the Lie
bracket.

By shrinking V' appropriately, one can assume that V is a coordinate neighborhood, so that

(soq’)_l)*Q = (qb_l)*(s*w)
= d((sozj)’l)*w)—i-

where we used the naturality of the pullback with respect to the Lie bracket and the exterior
derivative. O

1 1\ * 1\ ¥
Sl(s06™) w (s067) u]

We now exhibit a expression for the field strength in term of local coordinates.



Lemma 4.4.3. Let (V,1) be a chart with coordinate functions x',...,2". On V, we have
1
A= Agdz®  and  F = S Fapds® A dz”

where the Ay and Fop are G-valued functions on V. We then have
Fap = 6aA5 — 83./4@ + [.Aa, AB]

where 0, stand for aga and these derivatives are computed componentwise in G.

Proof. Follows from a simple calculation. O

One interesting property of the local field strength is the simple form of local gauge transfor-
mations.

Theorem 4.4.2. Let B = (P,P,0) be a smooth principal G-bundle over X and w a connection
form on P. Let Q be the curvature of w. Let s; : V; — P~1(V;) and s; : V; — P~1(V}) be two local
cross-sections with V; N'V; # 0 and let g;; : V; NV, — G be the corresponding transition function.
Then on V; NV}, we have

S;Q = adg;jl o S:Q <~ Fj = CLdgi—jl]:i

where Fy, = s F. In particular, if G is a matriz group, we have
Fi = 955 Figij
Finally, in local coordinates, the formula becomes
. -1\ — L ) -1\*

(33 © w ) a’dgijlow 10 (Sl o w )
on U where (U,v) is a chart with U C V; N'V;.
Proof. We fix xy € V; NV} and v,w € T,,(X). We then have

(S;Q)EO(’U,’M)) = Qsj(xo)((sj)*fﬂo (1)), (Sj)*ro(w))

In Theorem 4.1.1, we have proven

(87) w20 (V) = (55 (20) x5 0) (80 )0 (v)) + [© (0)]* (55 (o))

Now, since only the horizontal parts plays a role for the curvature, we have
(S;Q)%(an) = Qs_j(a:o) ((Ugij(xo))*Si(xo)((Si)*ZO(U))v (Ugij(ro))*Si(zo)((Si)*wo(w)))
= (T9), . (69200 (5)us ()

adgij(aio)_l 0 Qsi(%o)((si)*zo (U)v (Si)*zo (U)))
= adg,;(zo)-1 © (sfﬂ)wo (v, w)

So we have proven the first formula.
The second formula follows from a simple computation using the definition of the adjoint
map. O

Proposition 4.4.1. Let By = (P, P1,0') and By = (P, P2,0?) be two smooth principal G-bundles
over the same base space X, f : P, — P> a smooth bundle map and w a connection form on Ps
with curvature Q). Then the curvature of f*w is f*Q.

Proof. The only thing one needs to prove is that (fip, (V)2 = fip, (vH). By linearity of the
pushforward, we have that
fip (V) = fap, (UH) + fips (vv)
and
W(fup, (1)) = (Ffw0)p, WF) =0 = f.p, (v7) is horizontal
Finally, fup, (vV) = fup, (A% (p1)) for some A € G and it is simple to verifiy that f.,, (A% (p1)) =
A#(f(p2)) so that f.,, (v") is vertical, which proves the claim. O



Corollary 4.4.1. Let B = (P,P,0) be a smooth principal G-bundle over X. Let w and n be two
gauge equivalent connection 1-forms. Then the corresponding field strengths are also related by the
adjoint representation as in Theorem 4.4.2.

Proof. Since w ~ 1, there exists a bundle automorphism f such that n = f*w. Now, let s : V —
P~1(V) with respect to which we compute the field strength relative to w, i.e. F¥ = s*Q. So we
then get
Fl=s"(f7Q) = (fos)Q

But f o s is also a cross-section, so both field strengths are a pullback of the same curvature €.
Theorem 4.4.2 then tells us they are related by the adjoint representation where the transition
function appearing in the transformation simply is the transition function relating the two cross-
sections s and f o s. O

Definition 4.4.3. A gauge potential of the form
A=g"0®
where O is the Cartan 1-form and g : V — G is a smooth function defined on an open subset of
X is said to be pure gauge.
Lemma 4.4.4. A pure gauge potential has zero field strength.

Proof. By the transformation law for gauge potentials, we know that a pure gauge potential is
the gauge transform by g of zero. Furthermore, the form gauge transformations for field strengths
implies that if there exists a local gauge in which the field strength is zero, then the field strength
is zero in any other gauge. The result then follows. O

Definition 4.4.4. A connection w on a principal bundle P : P — X 1is said to be flat if its
curvature 2-form Q is identically zero.

Example 4.4.1. Let P = X x G be the trivial G-bundle over X, m the projection onto the second
factor and © the Cartan 1-form on G, then

w=7"0

is a flat connection form, which can easily be verified.
Let us compute the curvature:

do = 7°(d®)
- (-é[@,@])

= 5l
5 0 = dot glou] =0

where we used the structure equation for G.



Part 11
The Applications

5 A word on the homotopy groups of spheres

In this section, we give a complete proof for the fundamental group of circle S'. We then give an
outline of the proof the higher homotopy groups of the higher-dimensional spheres.
5.1 Fundamental group of S!
In this section, we use the covering space P : R — S! where P(s) = €271,
Definition 5.1.1. Let o be a loop in S' at 1 = €™, We then define the degree of o by
Degla) = a(1)
Lemma 5.1.1. Let a be a loop in S' at 1 = €™, Then Deg(a) € Z.

Proof. By the unique lifting theorem, « lifts uniquely to @ in R such that &(0) = 0. Furthermore,
we also have that
Poa(l)=a(l)=1 = a(l)eP (1)

Since the fibers of our covering space are all homeomorphic to Z, we have proven the result. [

So the degree of a loop is essentially the number of times it wraps itself around S*. The degree
has one more crucial property.

Lemma 5.1.2. The degree of a loop is a homotopy invariant, i.e. if a ~ o' rel {0,1} where o' is
another loop in St at 1, then Deg(a) = Deg(c).

Proof. This is a direct consequence of Corollary 3.2.2. O

So that the degree actually defines a map from the fundamental group to the integers. It turns
out that this map is an isomorphism.

Theorem 5.1.1. Let deg: 71 (S') — Z be defined by deg([a]) = &(1) where & is the unique lift
of a such that &(0) = 0. This map is an isomorphism of groups, so that in particular we have
m(St) ~ Z.

Proof. Let [a], [] € m1(S*, 1) and deg(a) = m and deg(83) = n, so that deg([a])+deg([3]) = m+n.
We want to show that

deg([a][]) =m +n
To do so, we must compute the lift of @3 to R which starts at 0 € R. We define v a path in R by

7(s) =m+ B(s)

which is then a path from m to m + n with the property that

Por(s) = exp~[27r(m+ﬁ~(8))i]
= P(B(s))
= B(s)
We therefore obtain
) P(a(2s)) if0<s<3
Polens) = {szs—m if <5<l



We have therefore proven that 4 is a lift to R of @8 which starts at (&v)(0) = &(0) =0 € R. We
therefore conclude that by uniqueness that &y = a. We have obtained
deg([a][A]) = an(1) =m+ (1) =m+n
which proves that deg is a homomorphism.
We now prove that deg is a bijection. Let n € Z and define @ : [0,1] — R by
a(s) =ns
We then have
P o a(s) = exp(2mnsi)
which is a loop at 1 € S with degree deg([P o @]) = n. So we have proven that deg is onto.

To prove injectivity, we prove that deg has trivial kernel. Suppose deg([a]) = 0 so that & is a
loop at 0 in R. Since R is simply connected, we have

a~0rel {0,1} = [a] =[0] € m1(R,0)
Now, we apply the induced homomorphism P, : 71 (R, 0) — 7 (S, 1) which gives us
P.([a]) =P([0])) = [e]=[Poda]=[Po0] =]
which proves that deg has trivial kernel. O

Corollary 5.1.1. For any n > 2, ©,(S) = 0.

Proof. We already know that S is the base space of the covering space P : R — S! given by
P(s) = exp(2msi)

. By Theorem 3.2.2, we have ,(R) ~ m,(S*). But R is simply connected so that 7,(R) =0. O

5.2 Higher homotopy groups of spheres

The problem of calculating higher homotopy groups of spheres is one of the most difficult problems
in topology. In this section, we only state the result for the homotopy groups of order n where n
is smaller or equal to the dimension of the sphere and give a very rough outline of a possible way
of calculating , (S™).

The promised is the following

m 0 ifn<m
7T”(S){Z ifn=m

To prove 7, (S™) ~ Z, one provides [(S™, N), (S™, N)] with a group structure provided by the
one-to-one correspondence with 7, (S,,) established at the end of the section on higher homotopy
groups. Theorem 2.3.11 then implies that two from (S™, N) — (S™, N) are homotopic if they are
freely homotopic. As for S! one then associates to every map on S™ an integer called the degree
of f and denoted degf. One then proves that

1. f~g = degf=degyg
2. deg f =degg = f ~ g: This result is the hard part and it is called Hopf’s theorem.
3. deg(ldSn) - ].

Once these facts have been established, the result follows. More precisely, (1) proves that
deg is a homomorphism, (2) proves that deg is one-to-one and (3) proves that deg since it is a
homomorphism into Z that takes the value 1.

Of course, the definition of degree is far from as straightforward as for S'. In general, one uses
the fact that the homology group of the sphere is isomorphic to Z (which is a consequence of the
Mayer-Vietoris sequence), and then defines the degree of a map to be the integer multiplying the
generator of the induced map, i.e. f.: H,(S™) — H,(S™) and [w] the generator of H,,(S™), then

fe([w]) = m[w]

and we define degf = m. Properties (1) and (3) are then more or less straightforward, but (2) still
requires quite some work.



6 Classification of principal bundles over spheres

In this section, we are going to classify the principal G-bundles over S™ where n > 2, for pathwise
connected groups G, in terms of the homotopy group m,_1(G). The idea goes as follows. S™
consists of two copies of the n-dimensional disc D™ glued together at the equator which itself is
a copy of S"~!. The following lemma then tells us that any G-bundle over S™ to either of these
discs is trivial.

Lemma 6.0.1. Any principal G-bundle over the disc D™ is trivial.

Proof. We have already constructed a global cross-section s : IV — P. Furthermore, we have a
homeomorphism ¢ : D™ — I™. Since D" is convex, it is contractible so that there exists a homotopy
F with F(x,0) = ¢(z) and F(z,1) = . Now if we define P’ = ¢ o P and ¥’ = W o ¢!, then
(P,I",’P’, G) is a locally trivial bundle. Then as in the corollary, there exists a homotopy F such
taht P’ o F(x,1) = ids» which implies P o F(z,1) = ¢~ (x). We now define sp»(y) = F(é(y), 1)
then

Pospn(y) =06 (oY) =y

So spn is a global cross-section. O

We have then obtained a trivializing cover of S™ consisting of only two trivializations related by
one transition function, which then determines the bundle up to equivalence. The restriction of this
transition function to the equator is then a map from S™~! to G. We then show that homotopic
maps determine equivalent bundles, which then establishes a one-to-one correspondence between
equivalence classes of G-bundles over S™ and elements of 7,_1(G).

Through out this section, G will denote a pathwise connected topological group. Furthermore,
we will identify S™~! with the set of x € S™ such that 2"+! = 0, i.e. with the equator of S™. We
also fix some zg € S"! and an € which satisfies € € (0,1). We also define the following subsets:

Dy = {zxecS"z"" >0}
Dy = {xeS"2"T <0}
Vi = {reS"-e<a"<1}DD
Vo = {2e8"-1<z""' <e}l DDy

Thus, V3 N V5 is an open band in S™ containing the equator.

Lemma 6.0.2. Let B= (P, P,0) be a principal G-bundle over S™. Then Vy and Vy are trivializing
neighborhoods and one can choose trivializations ¥; : P~1(V;) — V; x G, for i = 1,2 such the
transition functions g;; satisfy

gij(xo) =€

Proof. Using Lemma 3.3.3, we start by considering the bundle By, where V; is the closure of Vj.
Using stereographic projection, one easily proves that the V; are homeomorphic to the disc D".
Now, a homeomorphism is a bundle equivalence, so that B \‘71_ is equivalent to a bundle which is
trivial by Lemma 6.0.1, which proves that B|y, is trivial. We therefore conclude from Theorem 3.3.1
that B|y, has a global cross-section. By simply restricting that cross-section to V;, we have proven
that B|V have a global cross-section and are therefore trivial. We now choose two equivalences
fi:P ! (Vi) = Vi x G where V; x G is regarded as the bundle space of the trivial bundle over V;.

It is trivial to verify that (V;, f;) is indeed a local trivialization of B.

Now let g1 : V1 NVo — G be the transition function corresponding to these trivializations. We
suppose that gi12(xg) = a € G. We then have by definition that

P1(p)(da(p) P =a  VpeP Nzo) and fi(p) = (P(p), ¥i(p))
We now define 5 : P~1(V2) — G by

Pa(p) = atha(p) Vp e P~ (Vi)



We then obtain i
¢1(p)(¢2(p))_1 =aga l=c¢
We now define ; : P~1(V;) — V; x G by

Uy =fi and Ws(p) = (P(p),v2(p))

Then it is trivial to verify that (V;, ¥;) for ¢ = 1,2 are local trivializations for B with transition
functions which send xq to e. O

Henceforth, we assume that all our principal G-bundles over S™ are trivialized over Vi and V5
in such a way that the transition functions all carry z¢ to e.

Definition 6.0.1. For every principal G-bundle over S™, we therefore define the characteristic
map
T:(S" 1 x) — (G,e)

by
T = g12|gn—1

Lemma 6.0.3. Any continuous map T : (S, 20) — (G,e) is the characteristic map of some
principal G-bundle over S™.

Proof. We define ¢g11(z) = e and goo(x) = e for all x € V; and « € V5 respectively. Let r : VoNV; —
5™~ be a retraction of Vo NV, onto the equator defined by

r = \/(xixi)(xl, conx™)

We then define
gi2(z) =T(r(z)) VzeVinl;

We have obtained gi3|gn-1 = T and to complete the collection of transition functions, we set
go1 = gl_Ql. The Reconstruction Theorem 3.3.3 then implies that there exists a principal bundle
with this collection of transition, which proves our assertion. O

Theorem 6.0.1. Let G be a pathwise connected topological group and By and By two principal G-
bundles over S™ where n > 2. Let Ty and Ty be the characteristic maps of By and Bs respectively.
Then By and By are equivalent if and only if Ty ~ Ty rel {xo}.

Proof. =>: We start by assuming that B; and B, are equivalent. We also assume that they
are both trivialized as described above, which also means that they have the same trivializing
neighborhoods. By Lemma 3.3.12, we know that there exists continuous maps A : V; — G for
j = 1,2 such that

B (@) = (@) 'gh@)a(z) Vo eViny,

We define

/,(,j = A] Sn—1 j = 1,2

Thus we obtain
To(x) = (ua(x)) "' Ti(2)pa(z) Vo e S™1

We have defined the T}, such that T3 (zp) = T2(zo) = e which implies that

1 (2o) = pa(z0) =a € G

As we have stated previously, the D; for i = 1,2 are homeomorphic to D™, which is contractible,
which in turn implies that
Wn_l(Di,IL’()) =0 1= ].,2

Then by Lemma 2.3.10, we know that the set [(S™ ™!, z0), (D, 7o)] contains only one element. This
implies in particular that the inclusion map i; : (S~ 1, z0) < (D;, zo) are both homotopic to the



constant map of S"~! onto x, i.e. there exists for i = 1,2, a homotopy H; : S"~! x [0,1] — D;
such that

Hi(z,0) = 2, H(v,1) =29 VoS! and H;(zo,t) =29 Vte][0,1]

We define K; = \;o H; : S"! x [0,1] — G, which is then a homotopy relative to zo from u; to the
constant map from S"~! to G whose value is a. Finally, we define the map K : S"~! x [0,1] — G
by

K(z,t) = (Ki(z,t) ' (2) Ky (2, )

We then have

K(x,0 To(x)
K(z,1) = a 'Ti(2)a
K(zp,t) = e

Which proves that K is a homotopy relative to zo of T5 to a~'T}a.

Now it is easy to verify the following fact: let & be a path in G from «a to e, then the homotopy
H defined by H(x,t) = (a(t))"'Ti(x)a(t) is a homotopy relative to zg from a~'Tia to T;.

Therefore, To ~ T} rel {xo} implies Tp ~ T} rel {xc}. We have therefore proven if B; and B,
then Ty ~ T5 rel {xo}.

<=: We suppose that 77 ~ Ty rel {zp} and we want to show that B; and By are equivalent.
We start by proving a general result.

Lemma 6.0.4. Let X be a topological space and G a topological group. Suppose f,g,f', g :
(X,20) = (G, e) with f ~ f" rel {zo} and g ~ g' rel {xo}. Then

fg=f'q rel {zo}
Proof. Follows from a simple computation. O

Using our hypothesis and the fact that 75, b T, ! rel xg, we obtain from the previous lemma
that T' Ty ' ~ erel {xo}, ie. TyTy " : S” ' — @ is nullhomotopic. By Lemma 2.3.7, we can
continuously extend it to the disk D™ = {z € S™[a"™' = 0} and then compose it with the
projection P : Dy — D™ defined by

i.e. we have constructed a continuous extension v : D1 — G of Tlle. We now define \; : Vi — G
by
v(x) ifx € Dy

M(@) = { iz () (9%2(33))71 ifzeDNN

This map A; is continuous since D1 N (D NV;y) = 5™~ 1 and on ™!, we have by construction

v(z) = Ti(z) (Ta(2)) " = gis(@) (g72())

so that continuity follows from the gluing lemma.

We now want to use Lemma 3.3.12 again to conclude that the bundles are equivalent. We
have constructed things such that we can apply the Lemma in a straightforward way if « €
Dy N'Vy but not if x € D;. We therefore can not choose simply V5 or Dy as second trivializing
neighborhood. Instead, let V5 be the interior of Dy and W) = \Ilg\p_l((/z) for i = 1,2. We now

have {(V1, ¥1), (VQ, \il%)} and {(V4,0}), (‘727 \i/%)} which trivialize By and By respectively. Notice
that :che transition functions are defined on V; N Vs which is a subset of Dy N V. Finally, we define
)\2 : V2 — G by

-1

Xo(z)=e Vel



We have therefore obtained, for x € V; N ‘72

A(@)Mgida(@) = (Ai(2) 'gia(x)
= gix(@)(g1a(z)) " gla(x)
= gia(7)

For g3,, we simply invert the previous equation and make use of gi; = (gi,)~! and if i = j the
condition of Lemma 3.3.12 is trivially verified. Thus we have proven that there exists continuous
maps A; : V; — G for j = 1,2 such that

gij (@) = (N (@) g (@) i(z) Ve e VinV
So By and Bs are equivalent by Lemma 3.3.12. O
We are now in a position to state and prove the major result of this section.

Theorem 6.0.2. Let G be a pathwise connected topological group. Then the set of equivalence
classes of principal G-bundles over S™ where n > 2 is in one-to-one correspondence with the
elements of m,—1(QG).

Proof. Lemma 2.3.10 gives a one-to-one correspondence between m,_1(G) and [(S"71, z0), (G, e)].
On the other hand, let us denote by EB(S™, G) the set of equivalence classes of principal G-bundles
over S™ and let us define the map v : EB(S™, G) — [(S" 1, z0), (G, e)] by

1([B]) = Ts

where Tj is the characteristic map associated to the bundle B. First of all, this map is well-defined
on EB(S™,G) since if By and By are equivalent, then T3 = T, and Ty = T, are homotopic.
Additionally, Lemma 6.0.3 implies the surjectivity of v. Finally, we have

Y([B1]) =v([Ba]) = Ty ~Trrel {zg} = Bi~Bs
where the implication comes from Theorem 6.0.1. So < is a one-to-one correspondence between

EB(S™,G) and [(S" 1, z0), (G, e)]. O

7 The Hopf bundles

In this section, we will construct in quite some detail the Hopf bundles.

7.1 Projective spaces
We starting by constructing the projective spaces.

Definition 7.1.1. Let M™ = F™* — {0} the topological subspace of F"*. We define an equivalence
relation on M™ as follows:

(~¢ & JaceF-{0} st (=af
We then define the projective space as:
FP"™l = M"/ ~={[¢] : € € M"} = {(€'a,...,"a) : €€ M",a € F — {0}
It will often be more convenient to view the projective spaces as quotients of spheres.
Lemma 7.1.1. If one defines P = Qlg, one can view the projective spaces
FP" ! =5/~

where we remind the reader that S = {£ € F™* : (£,€) = 1}. Furthermore, FP" ™! also has the
quotient topology determined by P.



Proof. P certainly is continuous. We define n : M™ — S the normalization map, i.e.

which is also continuous. We then have
Qot=P and Pon=9Q

where the second equality is simply a consequence of the equivalence relation. The second equality
shows in particular that P is surjective. The rest is a direct consequence of the two formulas
above. O

Properties 7.1.1 (Fibers of FP"™'). For every & € S, we have

P([¢]) = {¢ala € F,Ja] = 1}
In particular, we have
1. Vz € 8", we have P~ ([z]) = {x, —2} ~ Z5
2. Yz € S CC", we have P~1([z]) ~ S*
3. V€ € S CH", we have P71([¢]) =~ S3

Proof. The fiber P~1([£]) above [¢] € FP" ! is simply the intersection of S and {£a : a € F — {0}.
If € € S, then
faeS & (taa)=laf =1

So that
PY([€]) = {€ala € F,|a| = 1}

If F=R, then S ~ S"~! and
la|]=1 < a=4=l1

So that Vz € S"~1, we have P~1([z]) = {x, —z}.
If F=C, then
laj=1 < acS!

So that for any fixed zy € S C C”, we have
P [z0)) = {(25a, . . ., 28a)|a € S}

Proving that the map (2a,...,2}a) — a is a homeomorphism, which implies that P~1([2]) is
homeomorphic to S! is trivial.
If F =H, then
laj=1 < acSp(l)~S3

So that for any fixed £ € S C H", we have
P=H((&)) = {(&a, .- & a)la € S°}

Proving that the map (£a,...,&8a) — a is a homeomorphism, which implies that P~1([&]) is
homeomorphic to S is trivial. m

We now proceed to show the properties that make the projective spaces into topological mani-
folds.

Properties 7.1.2. The projective space FP" ™ are Hausdorff spaces.



Proof. We fix & € S and define the map p: FP"~! — R by

p(le]) =1~ 1(& &)l

Then p is well-defined on FP" ™! and continuous. Furthermore, it satisfies p([¢y]) = 0 and it is easy

to sc that if [€] # [co], then p((€]) £ 0 = p([to]).
Now let [£] and [¢] be two distinct points in FP"™!. Then p([&)]) and p([zi]) are distinct

real numbers. so that there exists disjoint open intervals I¢, 3 p([&]) and I 5 p([¢]) in R. By
continuity of p, Ug, = p~'(I¢,) and Ug = p~'(I¢) are open and disjoint sets in FP"~* which contain
[€0] and [€] respectively, which proves the Hausdorff property. O

Properties 7.1.3. The projective space FP" ™" are locally Buclidean (i.e. homeomorphic to R*
for some k € N ).

Proof. Since |a| = 1, we have that if £ € S, then £ # 0 < £a # 0, so that for every k =1,...n, we
can define the set

Ui = {[¢] € FP"7[¢" # 0}

which are open since P~1(Uy,) = {¢ € S|¢* # 0} which is open in S. We define the map ¢y, : Uj, —
Fr—! by

arllh = (€)7o der (@)7)

where the hat indicates that we delete the 1 in the k' slot. It easy to verify that this map is
well-defined. Its inverse is given by gi),:l : F*~! — U}, which is given by

¢];1<y) = ¢I:1(y1)"'7y"_1) = [y17""17""yn_1]

Let (v',...,y" D eFltand = (y'-o,...,y" ooz, 9% -, .. ,y" 1 - 2), so that

¢k([§]) = (yla s 7yn71)

which proves surjectivity. Now, take [¢], [(] € Uy with ¢ ([€]) = ¢x([¢]). A simple calculation then
yields
C(=&(EMHI) = =10

which proves injectivity of ¢5. The continuity of ¢, and qS,:l are easy to verify by composition of
continuous maps and continuity of maps out of quotient spaces. We have therefore proven that ¢y
is an homeomorphism and since F*~! itself is homeomorphic to R’ for some j > 0, the result is
proven. 0

It is somewhat cumbersome to write down an explicit expression for the overlap functions, but
is easy enough to generalize from a specific example:

g2007 (v y") = (W) Ly W)Lyt (D))
We now prove a result which is going to be important in our study of low-dimensional Hopf
bundles, which is the relation between the 1-dimensional projective spaces and the spheres.

Theorem 7.1.1. We have the following homeomorphisms:
RP'~ 8! CP'~5* HP'~g*

Proof. We start by introducing a slight modification to the standard charts of the projective spaces.
On FP! there are only two charts (U1, ¢1) and (Us, ¢2). We define ¢1 : Uy — F by

$1([€]) = 61([€])

Then (U, &1) still is a chart, but the advantage is that the overlap functions take the following
form:

p2odi (y) =4 ' =200 (y) VyeF—{0}



Now let (Us, ¢s) and (Un, ¢n) be the stereographic projection charts on S*, $? and S* respec-
tively. Then their overlap functions can be written as

psody (y) =5 "' =dnods'(y) yeF—{0}

(if one identifies the spheres with their pendant S). Now let (U, ¢1) and (Us, ¢2) be the charts on
FP! and let us consider the homeomorphisms ¢g o ¢5 : Us — Ug and ¢N1 o 451 : Uy — Uy which
satisfy

b5 0 2|, = ON © G1 vy,

Indeed, if [£] € U; NUy, then ¢2([¢]) € F — {0}, on which we have

<5170 ¢5' = onoog'
S B = énodstoolE)
= oy odi(€) = o5 oda(E])

Now, Uy UU; = FP! and Uy U Us = S and we define:

[ extem(E)  ilen
P(e) _{ bsod() it 6] € Us

p is continuous by the Gluing lemma and trivially onto and one-to-one (since the two parts are
homeomorphisms). Furthermore, the same applies to the inverse

oy [ ertoon(y)  ifyeUy
r (y)‘{qs;locbs(y) if y € Us

So that p is the sought homeomorphism. O
Corollary 7.1.1. The above homeomorphisms are diffeomorphisms, which can be rewritten as
(€5, €%]) = (26' 2, | — 1€°1%)

Proof. Follows from a simple computation. O

7.2 Projective spaces as locally trivial bundles: Hopf bundles
7.2.1 The real Hopf bundle
Let P : S"~' — RP"! be the quotient map P(z) = [z] for every 2 € S"~'. We consider the open
hemispheres,
Ul ={zes" 2" > 0} U, ={zreS" 2" <0} Vk=1,....n

They are open, satisfy U lj NU, = 0 and cover S"~'. The restriction of P is clearly continuous
and also one-to-one since P identifies antipodal points.

We claim that each P|,+ is an open map. Indeed, let U be an open set in U,;t, then

k

PH(Ply2)(U) =P~H(P(U)) = U U (-U)

where —U = {—x : 2 € U}. By the union of open set, this is open, so that P|,+ is open. Thus,
k

every P|U,j: is a homeomorphism of U onto Vi, = P(U;") = P(U, ). Moreover, we have
P~ (Vi) = U uU,
which are disjoint and each mapped homeomorphically onto V; by P. We can therefore define the

maps
Oy Vi xZy P 1 (Vi) = U LU,



by
(2l 1) = (Plyy ) () (el =) = (Pl ) (la])
for all [z] € Vj,. We now have
Vi x Zg = Vi X {1} U Vi X {—1} where (Vk X {1}) N (Vk X {—1}) =0

The maps x|y, {13 and Pk|y, x{—13 are homeomorphisms simply by composition of homeomor-
phisms.

We have that (Vi x {1}) U (Vi x {—1}) = Vi x Z3 and the intersection is empty. Furthermore,
the two @ are continuous, so that by the gluing lemma, the entire ®; is continuous. Exactly the
same argument applies to the inverse. Finally, we also have

P o &y ([a], £1) = P(P~([z]) N U}) = [a]
So we have proven that (S”~',RP"™! P, Z,) is a locally trivial bundle.

7.2.2 The complex and quaternionic Hopf bundle

In this section, we prove that the complex and quaternionic projective spaces (so that in this section
F = C,H and their projection maps are locally trivial bundles. We prove both cases together. To
do so, we will denote the bundle spaces S, i.e. S = §2*~1 in the complex case and S = S**~! in
the quaternionic case, and Sg the fibers, i.e. Sp = S! in the complex case and Sp = S2 in the
quaternionic case. Furthermore, the fibers Sr are equipped with their natural product structure,
inherited from complex and quaternionic multiplication respectively.

For every k =1,...,n, we define

Vi, = {[¢{] e FP" 2" £ 0}
as in the real case. Since the the V}, cover FP" ™1, it suffices to define the homeomorphisms
Py Vi X Sp — 'Pil(Vk)

which satisfy
Po®k([¢],y) = [¢]
for all ([€],y) € Vi X Sp. We now fix [] € V}, and y € Sp. We then define

(gl y) = (21 (5) 7 T2 (25) 12 )

where (z1,...,2") is any point in P~1([¢]). Indeed, let [¢] = [21,...,2"] = [w?,...,w"] and y € Sp,
then we have z = wa where o € F — {0} and |a| = 1, so that

(zl (zk)_l |25y, ..., 2" (zk)_l |zk|y> = (wla (wkoz)_l lawF |y, ... W (wka)_l |awk|y>
= (w1 (wk)_1 lwkly, ... w" (wk)_l |wk|y)
Furthermore, since (z}‘r)f1 |zF|y € F — {0} and | (zk)fl |2|y| = 1, we have
Pod((ely) = [ (%) [Hy, 2" (2F) 7 12" Jy] = [¢]
We now define the map ¥y, : P~1(V3,) — Vi x Sp by

U(8) = Wi(z', .o, 2") = ([€], 2] 712") = (P(&), |2l 1Y)
which is the inverse of ®;, since

Dp 0 Wi(€) = (21 (7)1 M|M Tk, L 2R TR R ) = ¢



and

Uy, 0 x([¢],y) = ([€ly)

by simply unfolding the definitions.
U, is clearly continuous since both component functions are continuous.
One also easily concludes that & is continuous.
Thus the (Vg, @) are the required trivializations.
We have therefore two new families of locally trivial bundles called the Hopf bundles:

1. (%=t cPm! P,SY) or §T — St P!
2. (S~ HP" !, P, S3) or §3 — =1 — HP !

We are going to be particularly interested in the Hopf bundles for n = 2 because of the relation
between the one dimensional projective spaces and spheres, which yield the locally trivial bundles

St 83 5 62 and S35 87 5 g4

7.3 Hopf bundles as principal bundles
7.3.1 The real case

Consider the locally trivial bundle (S”~*,RP"™! P, Z,). We then define the natural action of Z,
on S"~! by
p-g=(z'g,...,z"g)

for all p = (z!,...,2") € 8" ! and all g € Z5. Since P identifies antipodal points, we trivially
have

P(p-g) =P(p)

Furthermore, if we define ¥, = <I>l:1 where ®j are the trivializations defined in section 7.2.1, we
then get
Vi(p) = (P(p), ¥x(p))

where 1, : P~1(V},) — Z, takes value 1 on U,:' and —1 on U, . Indeed,
-1

v ((Ploy) (D)) irg=1
-1 )

U ((Ploy) (D)) ifg=-1

= ([, 9)

since on U ,j[ the projection is a homeomorphism and in the same way, one proves that oWV, = id.
In particular, we also have

Yr(p- 1) = Yr(p)1 Yr(p- (—1)) = —¢r(p) = Yr(p)(—1)

We have therefore proven that ™! is a principal Z-bundle over RP™ 1.

Uy 0 @x([z],9) =

7.3.2 The complex and quaternionic cases

As in section 7.2.2, we treat the complex and quaternionic cases together and we keep the notations
we established in that section. To comply with the definition, we identify S* ~ U(1) and S® ~ Sp(1)
which are both Lie groups. We define the corresponding natural action on S by

p-g=_(&'g,...."9)

where ¢ = (¢1,...,6") € S and g € Sp. This action trivially satisfies the fiber invariance condition

P(p-g) =P(p)



In section 7.2.2, we also defined the homeomorphisms (diffeomorphisms) ¥j, which were given by

Vi(p) = (P(p), ¥Yr(p)) where 1y (p) = 2|12

For any g € Sp, we have
Ur(p-g) = 2|7 (2*9) = (I2°]712")g = i (p)g

since |g| = 1.

So we have proven that S?"~! is a principal U(1)-bundle over CP"™* and that S**~! is a
principal Sp(1)-bundle over HP™ !,

Let us now write down the transition functions and the canonical cross-sections for these prin-
cipal bundles. If x € V; NV, and p = (z',...,2") any point in P~!(x) in which case we obtain

S -1
gij(x) = 2|72 (") |2

Let (Vi, Uy) be the standard trivializations of these principal bundles. For every k =1,...,n,
the corresponding canonical cross-section s = sy, : Vi, — P~1(V}) is given by

su(@) = W€, e) = (€1 (€9) 1€ML (6) T IgM)
for any (¢1,...,&") € P~1(x). Thus,
se(@) = (€1 (") T IEM - €8 € (€9) 1M

where |¢¥] is in the k™ slot

In particular, for n = 2, we obtain S® as a principal U(1)-bundle over S? and S7 as a principal
Sp(1)-bundle over S*. We point out that by the classification theorem for principal bundles over
spheres, we have that the equivalence classes of principal U(1)-bundles over S? are in one-to-
one correspondence with the elements of 71(U(1)) ~ 71(S') ~ Z and the equivalence classes of
principal Sp(1)-bundles over S* are in one-to-one correspondence with the elements of 73(Sp(1)) =~
7T3(S3) ~Z.

8 Connections on Hopf bundles

8.1 Magnetic monopole connection

In this section, we exhibit a connection on S® viewed as a principal U(1)-bundle over S? described
in section 7.3.2. For convenience, we will identify R* with C? and therefore

SB — {(21,22) c C2H21|2+ |Z2‘2 _ 1}

We then parametrize the z; in the standard polar way by z; = 7;€l%. Furthermore, since r?+r3 = 1
and r; > 0, there exists a 6 € [0, 7] such that

1 = COS <¢> r9 = Sin <¢)
2 2

We have thus parametrized the 3-sphere as

S8 = {(cos <(§) et sin (2) ei&) | €10,7],&,& € R}

The diffeomorphism from Corollary 7.1.1 of CP! onto S2 C C x R can be written as

p([z4,2%]) = (2122 + 2'2%, —iz' 2% +i2' 2% |21 — |2)
Furthermore, it is easy to see that this diffeomorphism carries U; onto Uy and Us onto Usg.
To avoid complicating the notation unnecessarily, we will suppress the diffeomorphism p and write



poP : 853 = 5% as P and thereby regard the Hopf projection map P as a map of S% onto S? given
by

P(21,22) _ (2,122 +5122, 712122 +121227 |Zl|2 o |Z2|2)

In terms of real coordinates given by (2%, 22) = (z! +y, 22 +42i), the projection maps becomes

Pty 2% y%) = (2212 + 2y"y%, 2%y — 22797, (2)° + (') — (07)° — (4P)?)
which in turn implies that the projection map in terms of the parameters ¢, &1, £ which describe
S3 is given by
P(p,&1,E&2) = (singcos b, sin ¢psin b, cos @)

where § = &; — &. Notice that this is exactly the point of S? with standard spherical coordinates
(¢,0) = (¢,&1 — &2), which in particular motivates our subsequent use of spherical coordinates on
S2.

Before proceeding, we make one remark on spherical coordinates. Standard spherical coordi-
nates on R? are given by the homeomorphism

(p,0,0) — (psinpcos b, psin psin @, p cos @)

of (0,00) x (0,7) x (0,27) onto the open set U = R® — {z = 0,y < 0}. The point of this is that
if you want to cover all of R® — {0} you need at least four charts. These charts differ only by the
domain on which they are defined. Putting p = 1, one obtains a coordinate slices, which are the
standard spherical coordinate submanifold charts on S2. Because these charts only differ in their
ranges, the sensible and usual thing to do is to simple refer to (¢,6) as the standard spherical
coordinates on S2.

Let us also exhibit the transition functions of this bundle in terms of the above parameters.
We have

2 2 1 1
22/)22| 2 /|2
= d =
@ =y e s =
= gsn(singcosh,singsing, cosp) = e ¢

= gns(singcosf,singsinb, cosp) =

where again 6 = & — &.

Since the standard trivializing neighborhoods are carried onto Uy,s by Corollary 7.1.1, we have
now that the trivializing neighborhoods are Ug and Uy so that the associated cross-sections are
sy :Un — P~} (Uy) and sg : Us — P~1(Us). We have shown in section 7.3.2 that the canonical
cross-+sections have the form:

20,1
sy (sin ¢ cos @, sin ¢ sin @, cos ) = <|z1|,zz|j|> = <cos(§,sinﬁe_i9>

10,2
ss(sin ¢ cos 6, sin ¢ sin 6, cos @) = (Z z|§ |,|z2|> = (cos geig,sin (é))

identifying C? with R* as usual, i.e. (2! +iy', 2% +iy?) — (2!, y', 22, »?) and letting 7 : S® < R*
be the inclusion map, we obtain:

iosy(singcosf,sin¢sinb, cosp) = (cos g, 0, sin % cos @, —sin g sin 9)

i 0 sg(sin ¢ cos b, sin ¢sin b, cos ¢) = (cos g cos 0, cos % sin 6, sin %, O)

Now we consider the 1-form © on R?* given in the standard global chart by

0 = —2%dx' + z'dz? — 2*da® + 23 da?



We then define )
w=1i(i"0)
We are going to prove that this is the connection form on this bundle. To do, we start by

calculating the local gauge fields by pulling w back by the canonical cross-sections. Two trivial
calculations yield:

SO = (iosy)*O
= Ay = (syO)" (¢,0) = —%i(l — cos ¢)db
= As=(550)"(¢,0) = %i(l + cos ¢)df

In particular, this implies that on Ug N Uy, we have
Ay — Ag = —idb
For this condition to ressemble the local gauge transformations, we rewrite it as:
Ay = e Age i 4 eifdei
= Av = gsnAsgsny +gsnd(gsy)

Now, Lemma 4.1.2 and Theorem 4.1.1 then imply that w is a connection 1-form on S3 with
local gauge field Ay and Ag.

8.2 BPST instanton connection

In this section, we compute the natural connection on S” viewed as a principal Sp(1)-bundle over
S4.

We start by establishing the notation. For this calculation, it is very convenient to work with
quaternions, so that again we identify

ST={(¢".¢*) e H*|l¢" " + |¢*)> =1}

We also identify the Lie algebra of Sp(1) with ImH. The trivializations are given by

U(p) = (P(p),vx(p))  where  ty(p) =|¢"|""¢*
1(l¢" ¢*ly) = (d'ly.*(a")d'ly)
o(ld", ¢l y) = (¢ (*) NPy, 1¢%y)

The canonical cross-sections have been given before. Furthermore, V; and V5 are also the standard
coordinate neighborhoods for HP!. The corresponding diffeomorphisms ¢y, : Vi, — R?* are given by

o1(ld", ) = ¢*(a") ™ & ¢2(la",¢%) = ¢'(¢*)
67 (a) =[] = [(1+ o) H,q(1 + laf?) & oM@ =la.1] = [a(t+1a®) 7 (14 1g?)

Nl

where the second form is more convenient because it actually belongs to S7. The local coordinate
expressions of the canonical cross-sections are then given by

(s1067 (@) =(1+g")77(Lg) &  (s2005)(a) = (1+]a*) *(a,1)
We now define the ImH valued 1-form on S7 by first defining
@ =Im(g'dg" + °dg®)

on H? and then w by restricting to S7, i.e.



We then obtain

wp(v) = w(pl}pz)(vl, v?) = Im(p'vt + p2v?)
where p € S7 C H? and v = (v!,v?) which we identified with (v!,v?) € H using the fact that
dq'(v',v?) = v’ where v" is the element of H corresponding to v? under the canonical isomorphism
of tangent spaces of vector spaces.

We now show that w satisfies the properties of connections. We start by right equivariance
under the standard action o of Sp(1) on S®. We have that if v = (v',v?) € T}, ,~1(57), then

(Ug)*pg*l(v) = (Ulga 7)29)
We therefore get
Wp((Tg)upg-1(V)) = Im(pv'g + p*v?g)
On the other hand, we have

wpg-1(v) = Im(plg=Tv" + p>g=T0?)
= Im(gp'v' + gp?v?) since ¢g-l=g
= adg-1(wp.g-1(v)) = g*11111(9131v1 + gﬁ2v2)g
= Im(p'v'g + p*v?g)

where in the last line, we used that if g € Sp(1) and h € H, we have

g 'Im(h)g = Im(g~ "' hg)

We have thus proven
adgﬁ1 (wp-g*1 (v)) = wp((ag)*pg*l (v))

which proves right equivariance under the standard action.
We now show that w acts trivially on fundamental vector fields. Let A € ImH. We have

A#(p) = (p- exp(tA)'(0) = (p' A, p*A)

so that
wp(A#(p)) =Im(p'p' A+ p*p*A) =ImA = A

since p € S7 and A € ImH.

We have therefore proven that w is a connection on S7 viewed as a principal Sp(1)-bundle over
S4.

For completeness, we now exhibit the local gauge fields. For this last part, we do not write
down the computations explicitly since they are quite lengthy, but rather trivial even if one needs
to be a bit careful. In the end, it is a simple unfolding of definitions. In order to have have some
coordinates in which to write things in, we furthermore pull the local gauge fields back to H via
the standard charts on HP!. More explicitly, for each ¢ € H, each v € T;,(H) and each k = 1,2, we

have
(o) w), ) = (siwlyg ((6371)., )

The computation then yields

((sr0¢%) w), (vg) = TIm ( q )

1+ g7

1\ * q
= (skogp!) w = Im(1+|q|2dq>

where ¢ € H fixed and v the quaternion corresponding to v, € Ty(H) fixed. In last line, we regard
g and |g|? as functions on H and with the standard coordinates, one then has dgq(v,) = v. This



notation can be a bit confusing since for k = 1 or k = 2, the q refers to different coordinate patches.
A bit more precisely, we have

(s*{w)pX = ((31 ° ¢1—1)*w>¢1(p) ((1)4pX) =Im (1 n |¢512;)| > for p € V1,v = dg((¢1)pX)
(30, X = ((206")'w)  ((62)X) = (1 i ) for p € Va,w = da((62).,X)

where X € T,,(5%).
Finally, using the structure equation and again a lengthy but trivial, calculation one finds

Q=dA+ - [A A= ——dgAdg

1
1+ [q]?

where A = Im (ﬁdq).

9 Magnetic monopoles

9.1 a la physicist

During the elaboration of the laws of electric and magnetic phenomena, which culminated in
Maxwell’s laws, it was well established that there exists electric charges (or monopoles), whereas
magnetic monopoles do not exist. Experimentally, this is still the case today. But from a theoretical
viewpoint, it is interesting to speculate about the possible existence of magnetic monopoles, which
was first attempted by Dirac. This attempt led him to a rather remarkable relation, called Dirac’s
charge quantization condition.

In this section, we assume a minimal amount of knowledge in electromagnetism and quantum
mechanics. Let us suppose that a magnetic monopole exists. Coulomb’s law would then tell us
that this particle determines the following fields

E=0 B =
where é, is the unit radial vector. Indeed, on R® — {0}, these fields satisfy

V-B=0 VAB=0

It also well known that how one generally proceeds is by defining a scalar and a vector potential
which satisfy
B=VAA E=VV

(We do not consider any time dependence). The introduction of the vector potential was originally
a purely mathematical trick, because one can show that the equations which the potentials satisfy
(in a certain gauge, generally the Coulomb gauge) are simple wave equations with sources. It was
not until the advent of quantum mechanics that it was realized that the vector potential actually
has a physical significance.

For now, let us continue our computation. It is easy to see that there cannot exist a globally
defined vector potential. Indeed,, if one calculates the flux of the magnetic field through some

sphere S one obtains:
q)://V-dS:/ VANA-dS =4ng
s s

but using Stokes theorem, we obtain:

//V/\A-dS:]{A-dr—fA-drzo
s c c

which is a contradiction. One can state this more generally. Indeed, while being simply connected
is a sufficient condition for the existence of a scalar potential, it is not sufficient for the existence
of a vector potential. We have the following theorem.



Theorem 9.1.1. Let U be an open, simply connected subset of R® and F a smooth vector field on
U. If V-F =0 on U and if the second homotopy group mo(U) is trivial, then there exists a smooth
vector field A on U such that

F=VAA

The way to solve this problem is abandon the notion of a globally defined vector potential.
Indeed what one can do is simply define two separate regions of space on which there exists a
globally defined vector potential and which cover the entire space. For example, in our case, we
define

U, = R*~Z, where Z, ={(0,0,2) €R*z>0}
U. = R*~-Z_  where Z_={(0,0,2) €R3z<0}
We then have Uy UU_ =R3 — {0} and Uy NU_ =R — {(0,0, 2) € RL3|z € R}. We also define

9

A+(p7 ¢a 9) = psingb (1 — CO8 ¢) €o on U+
g R
A_(p,9,0) = P (14 coso)éy on U_

Here comes the crucial part: On U; NU_, we have

A, —A_ = <p§i¢) ¢ = V(290)

where in the last equality we used the expression of the gradient in spherical coordinates. The
reason why this is so important is because the Maxwell equations have a well-known symmetry,
gauge symmetry, which basically states that two vector potentials which differ by a gradient are
physically equivalent.

Up until now, this could be considered nothing more than a mathematical curiosity, but things
get interesting when you put quantum mechanics into the mix. Indeed, the Schrédinger equation
for the wave function of this system is given by

% (—mv - ZA)2 ¥(r) = Ey(r)

It takes a few lines to prove how the wavefunction transforms under gauge transformations:
A A+VQ = ¢ — %

If we denote by 14 and ¢ _ the wavefunctions on the two domains, the previous transformation
law tells us that

g = 2190y
But on Uy N U_ both ¢, and ¢_ are single-valued, so that in particular the transformation
0 — 6 4+ 27 must leave the wavefunctions invariant. This in turn then implies that

igg4m

1
e =1 = quin where ne€Z

At this point, one can intuitevely sense the relation between this quantization condition and
the topology of the underlying U(1)-bundle over S2, but to make this concrete, one needs a lot
more tools.

9.2 a la mathematician

Create the other bundles by since we know the classification by Z g% ¢ where n € Z then what are
the A



10 Where to go from here?

To be able to use all of what has been done up until in the context of “real” world physics, more
precisely gauge field theories, one needs to introduce several other concepts. First of all, since we
are doing physics, we need to know the set of equations describing the system. In field theories,
these equations arise from a minimization problem called the least action principle. Its most simple
form for a free bosonic theory is to define the Yang-Mills action of A denoted Y M (A) by

M) = [ 1F@]

In particular, the absolute minima (which are called instantons) are of big interest because at the
end of long road, the study of these objects leads to the “Donaldson-inspired revolution in low
dimensional topology. On this road, there also is the study of moduli spaces which we defined in
the bulk of the text, in particular of their topological properties.

The Yang-Mills action presented above is of great interest in mathematics, but from a point view
of physics it is rather dull, because only describes bosons (force carriers) and their self-interaction
without any interaction with matter. To incorporate matter into the mix, one needs to introduce
the concept of associated fiber bundles. The idea is simple enough. A quantum mechanical particle
has some internal structure which is described by a Lie group G and its wavefunction takes values
in some vector space V. The gauge field, which represents the interactions in the broad sense,
is represented by a connection on a principal G-bundle. The response of the wavefunction at
each point to a gauge transformation will then be modeled by a left action of G on V: enters
representation theory. Very roughly, to construct these associated fiber bundles, one replaces in a
meaningful way the fibers (diffeomorphic to G) of the principal G-bundle by copies of V. Finally,
one can then introduce a gauge invariant differentiation process for such wave functions called the
covariant derivative.

The reader may also have noticed that in this report, we hinted at a relation between the
U(1)-bundles over S? and the monopoles, but this relation came more from the fact that it hit us
right in face with the Dirac quantization condition and the one-to-one correspondence of the U(1)
bundles with Z. To actually make this relation concrete, one needs to introduce a another concept
which are Chern classes.
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